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Q_i! Abstract 

We study new compactifications of the SO (32) heterotic string theory on compact complex 
non-Kahler manifolds. These manifolds have many interesting features like fewer moduli, 
torsional constraints, vanishing Euler character and vanishing first Chern class, which make 
the four-dimensional theory phenomenologically attractive. We take a particular compact 
example studied earlier and determine various geometrical properties of it. In particular 
we calculate the warp factor and study the sigma model description of strings propagating 
on these backgrounds. The anomaly cancellation condition and enhanced gauge symmetry 
are shown to arise naturally in this framework, if one considers the effect of singularities 
carefully. 

We then give a detailed mathematical analysis of these manifolds and construct a large 
class of them. The existence of a holomorphic (3,0) form is important for the construction. 
We clarify some of the topological properties of these manifolds and evaluate the Betti 
numbers. We also determine the superpotential and argue that the radial modulus of 
these manifolds can actually be stabilized. 
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1. Introduction and Summary 

Compactifications of string theory and .M-theory with non-vanishing background 
fluxes are of great interest and an active area of research because of their implications 
for particle phenomenology. In such compactifications a potential for the moduli fields is 
generated at string tree level, so that many of the moduli fields can actually be stabilized 
with a mechanism, that is simple enough to do actual computations. String theory is then 
able to make definite predictions for the coupling constants of the standard model, such 
as the pattern of quark and lepton masses and the size of the gauge hierarchy. From the 
phenomenological point of view, compactifications of the heterotic string with background 
fluxes are particularly interesting. However, once the fluxes are turned on, the internal 
manifold is no longer Kahler and has torsion. This type of string theory compactifications 
was first discussed in [|1|,@ and some time ago. Yet, not much is known about such 
models in the literature, neither from the mathematics point of view nor from the physics 
point of view. It is the purpose of this paper to partially fill this gap by studying compact- 
ifications of the £'0(32) heterotic string on compact, complex, non-Kahler manifolds both 
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from the mathematics and physics point of view. Very generally, the internal manifolds, 
that we consider have a vanishing first Chern class and a vanishing Euler character. The 
existence of such non-Kahler manifolds and their realization as compact, complex three- 
folds was more recently pointed out in 0, as they originate from the warped .M-theory 
background of || by using a set of [/-duality transformations. This warping is important, 
as the absence of warping will bring us back to Calabi-Yau (CY) type compactifications, 
where the three-form flux vanishes. After turning on the fluxes, these manifolds become 
inherently non-Kahler. This is to be contrasted with the non-Kahler four-folds, that we get 
in .M-theory with G-fluxes 0. These four- folds are conformally CY, with the conformal 
factor being the warp factor. The three-folds, that we get in the heterotic theory are, in 
general, not conformally CY, as one cannot extract a conformal factor to obtain a Ricci-flat 
CY manifold. In fact the models presented in || and 0, consist of a four-dimensional CY 
base, that is warped in some specific way by the warp factor and a fiber over this base, 
that remains unwarped. However, there is a non-trivial twisting, which mixes the fiber 
coordinates with the complex coordinates of the base. This twist of the fiber and the warp 
factor of the base is responsible for making the manifold non Ricci-flat. Compactifica- 
tions of SO (32) heterotic theory on these six-manifolds still give rise to a four-dimensional 
Minkowski vacuum @,PJ], H, as the warp factor is just a function of the internal space 
and the three-form flux is non-vanishing only on the internal manifold. The three-form 
flux, which is real, is a quantized quantity, because it originates from quantized fluxes in 
.M-theory. It acts as the torsion for the manifold, in the presence of which, there is a 
preferred connection. All curvature related quantities are therefore measured with respect 
to this connection. There are also gauge bundles on the six-manifold, which are to be 
embedded in some specific way. As we will point out, the simple embedding of the spin 
connection into the gauge connection is not allowed for this kind of compactification, even 
though the second Chern classes satisfy 



where R and F are the curvatures of the spin connection and the gauge connection re- 
spectively. In the above equation, somewhat unexpectedly, as we will show, the choice 
of connection is rather irrelevant. In the concrete example recently presented in ||, one 
can explicitly derive many of these facts, because the background is written is terms of 
an orbifold base, as we will discuss in this paper. However it is important to understand 
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whether we can extend this example to the more general case, where we consider the base 
to be away from the orbifold limit. In this paper we shall present a detailed mathematical 
construction of a large class of complex non-Kahler manifolds, compute their Betti num- 
bers and show, that the model of || is a special case of this general construction. From the 
physics point of view we will present the sigma model description of strings propagating 
in such backgrounds and study the effect of gauge fluxes, that were not taken into ac- 
count in |J . In particular, we show how the anomaly cancellation condition and enhanced 
gauge symmetry naturally arise in this framework, if one considers carefully the effect of 
singularities. Finally, we determine the form of the superpotential for compactifications 
of the heterotic string on non-Kahler manifolds and show, that the radial modulus can be 
stabilized in this type of compactifications. 

Organization of the Paper 

This paper is organized as follows. In section 2 we discuss the geometrical properties of 
non-Kahler manifolds. In sub-section 2.1 we recapitulate the concrete heterotic background 
described in ||, where the gauge fluxes originating from the orbifold singularities of the 
internal manifold had not been taken into account. In sub-section 2.2 we find the explicit 
solution to the warp factor equation, ignoring the localized fluxes coming from the orbifold 
singularities. In sub-section 2.3 we describe the torsional connection appearing in the 
model of and show, that this model has vanishing first Chern class, by taking the gauge 
fields into account. In sub-section 2.4 we recapitulate the sigma model description and use 
this description to show, that the internal manifolds considered herein are not Kahler. In 
sub-section 2.5 we study the effects of the gauge fields and show how the anomaly relation 
of the heterotic theory originates from the Type IIB theory. In sub-section 2.6 we show, 
how the full non-abelian symmetry originates from the .M-theory dual description. 

In section 3 we discuss the mathematical aspects of non-Kahler manifolds, in particu- 
lar their topological properties. We present various algebraic geometric properties of these 
manifolds and give a generic construction of a large class of compact, complex non-Kahler 
manifolds. In sub-section 3.1 we first recapitulate some basic features of non-Kahler man- 
ifolds, which might be lesser known to the reader. As a special case of the Serre spectral 
sequence we consider the case of a torus bundle over a base manifold B. If B is a simply- 
connected four-dimensional manifold, we can easily compute the value of the Betti numbers 
and show that the Euler characteristic of these non-Kahler manifolds vanishes. We use this 
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general result to compute the Betti numbers of the model considered in || . In sub-section 
3.2 we give a generic construction of non-Kahler manifolds, that are generalizations of the 
Hopf surface, which is a torus bundle over CP 1 and show, that the model considered in 
is a special case of this general construction. 

In section 4 we compute the background superpotential for compactifications of the 
heterotic string on a non-Kahler manifold by dimensional reduction of the quadratic term 
appearing in the action of M = 1, D = 10 supergravity coupled to Yang-Mills theory. 
We also use T-duality applied to the Type IIB superpotential, that is well known in the 
literature, to get the form of the heterotic superpotential. In sub-section 4.1 we discuss the 
existence of a unique holomorphic three-form for the particular model of Type IIB theory 
compactified on T 4 /T^ x T 2 /^2 and interpret the norm of the holomorphic three-form 
in terms of the torsion classes presented in In sub-section 4.2 we carry out the 

explicit calculation of the superpotential. In sub-section 4.3 we shall see, that many of the 
moduli fields for the heterotic compactification are lifted by switching on the 7i-fluxes. In 
sub-section 4.4 we compute the potential for the radius moduli and show, that the value 
of this field can actually be fixed. 

Finally, in section 5 we present our conclusions and discuss some related examples 
of non-Kahler manifolds that have recently appeared in the literature. Some of these 
examples can be constructed from the generic structure in section 3. We also point out 
some directions for phenomenological applications and elaborate some implications of our 
results that could be pursued in near future. 

Note added: While the draft was being written, there appeared a couple of papers, 
which have some overlap with the contents of this paper. The paper of |7j discusses a 
particular kind of non-Kahler manifold called the Iwasawa manifold. They also classified 
the torsion classes. More discussions on this classification also appeared in |§. Detailed 
mathematical aspects of non-Kahler manifolds with SU(3) structure in the heterotic the- 
ory were given in 0. While this paper was being written we became aware, that an 
independent calculation of the superpotential for the heterotic string on a manifold with 
torsion was being performed (see the second reference in |10|)- We thank the authors for 
informing us about their calculation prior to publication. 
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2. Geometrical Properties of Non-Kahler Manifolds 

In the previous paper || two of us gave an explicit example of an £0(8) 4 heterotic 
theory compactified on a non-Kahler manifold with non- vanishing Ricci tensor and a back- 
ground 7i-field. It was shown, how this background satisfies the torsional constraints ex- 
pected from supersymmetry. This analysis was mainly motivated from the existence of a 
solvable warped background || in .M-theory with G-fluxes on the T 4 /X4 x T 4 /Z4 manifold, 
where T4 is a purely orbifold action, which reverses the sign of all the toroidal directions. 
We denote the unwarped metric of the four- fold by g a i. The G-flux, that we consider is 

r 4 

— = A dz 1 dz 2 dz 3 dz 4 + B dz 1 dz 2 dz 3 dz 4 + V FAO ! + c.c. (2.1) 

i=i 

Here z's describe the coordinates on the internal manifold, fi l with i = 1, ..4 are the 
harmonic two forms on T 4 /X4, F l are the SO (8) gauge bundles at the singular orbifold 
points of T 4 /X4 with an SO (8) gauge bundle at each point and A,B are complex constants, 
whose explicit value is given later on. By construction (2.1) is a primitive (2, 2) form and 
therefore preserves supersymmetry. In fact, if we ignore the localized piece in (2.1), then 
one can easily show that in the Type IIB theory we get three form fluxes Hns = H and 
Hrr = H' which, when combinedB to form G3, 

G 3 = H' - <pH = 2 ilm <p (A dz 1 A dz 2 A dz 3 + B dz 1 A dz 2 A dz 3 ), (2.2) 

clearly indicates, that only the (2, 1) piece survives. Here <p is the usual axion-dilaton 
combination in Type IIB. This is consistent with the constraints imposed by supersymme- 
try, as these predict the vanishing of the (3,0), (0,3) and (1,2) parts of G3. Also notice, 
that the background previously studied in can actually be mapped to this one by an 
SL(2, matrix 

which has a fixed point at (p = i. Furthermore, the definition of G3 in (2.2) can be inferred 
directly from TVl-theory. If we define a generic (1,2) form as u, then the G-flux in .M-theory 
is 

G = uj A dz 4 - u* A dz 4 = A dz 4 - A dz 4 , (2.4) 

<P-<P <P-<P 



1 Our conventions are slightly different from ||, as we take T as our torsion and not —T. 



Therefore, our definition of G3 will be the same as in [11]. 
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where dz 4 = dx 10 + (pdx 11 . Now wedging this with a holomorphic (4,0) form and using the 
relation: J dz 4 A dz 4 = 2i Inup dx 10 A dx 11 , we can easily reproduce the IIB superpotential 
J G3 A Q and hence infer G3 from there. 

As discussed in ||, the localized flux in (2.1) which involve the F l fields contribute 
to the world volume gauge fluxes and the non-localized fluxes are responsible for the 7i- 
torsion and the geometry in the heterotic description. However, the analysis of took 
mostly the non-localized fluxes into account and ignored more or less the localized fluxes. 
This led to 

dU = 0, (2.5) 

as the condition on the 7i field. However, due to supersymmetry and anomaly cancellation, 
it is well known that 7i cannot be a closed form. It was noted in ||, that the localized 
fluxes, when taken into account, should give the right anomaly condition on the heterotic 
side. In this section, among other things, we will verify this fact. The constraint on the 
7i-flux will be 

a' 

dH = -[ Pl (R)- Pl (F)}, (2.6) 

where pi are the Pontryagin classes for the spin and gauge bundles respectively. Since 
7i and J a i (the fundamental form) are related by the torsional constraints M, JTJ, ||, 
the fundamental form is very constrained because of this and non-Kahlerity. These issues 
have been already discussed in |J , where it was shown, how the fundamental form satisfies 
the torsional constraints ignoring the gauge fluxes. In this paper we shall take these into 
account and study their effects. 

2.1. The Background Geometry 

Let us begin by writing the background geometry explicitly. The notations used here 
are the same as in [|J. We shall also take the Type IIB coupling gB = 1- The heterotic 
background is: 

ds 2 = 4A 2 gug 3 3 dz 1 dz 1 + 4A 2 ^^33 dz 2 dz 2 + \dz 3 + 2Bz 2 dz 1 - 2Az 1 dz 2 \ 2 , 

H = Adz 2 A dz 1 A dz 3 - Bdz 1 A dz 2 A dz 3 + A dz 2 A dz 1 Adz 3 - B dz 1 A dz 2 A dz 3 , 

g het = 2 A <?33, 

(2.7) 

where A is the warp factor and ghet is the heterotic coupling constant and the constant 
values of A and B are given below. The three-form background 7i is a real quantity which 
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satisfy the torsional constraints 0. The unwarped metric is basically flat everywhere 
except at some points, where there are singularities. In fact in Af-theory the contributions 
to the Xg polynomial come from those singular points. Ignoring them will lead us to trivial 
background fluxes. Taking this into account, the metric can be simplified to 



9ab 



fA 2 + \Bz 2 \ 2 -ABz l z 2 2f \ 

-ABz x z 2 A 2 + \Az 1 \ 2 -^f 

\ Bz 2 Az 1 1 / 

\ 2 2 4 / 



f2J 



2 

where we have ignored an overall factor of 4. In the presence of localized fluxes the metric 
will be more involved, as we shall derive towards the end of this section. We are also 
assuming, that the warp factor is independent of the zs direction. In the following we shall 
show that 

A = A(\ Zl l\z 2 \), (2.9) 

is a consistent assumption. From (2.7) we see that the base, with coordinates z , z is 
stretched by A 2 g s ^ and the torus parametrized by z 3 is non trivially fibred over the base. 
The above metric can be generated from Af-theory on a four-fold by making a series of U- 
duality transformations. If we denote the volume of any typical four-cycle of the four-fold 
by v, then the constants A, B appearing in (2.7) have definite values of 

A = — , and B = -. (2.10) 

v v 

In deriving this we have to be careful about the total volume of our spaceR As it turns out 
(and is also discussed in |J) the volume of our space is reduced by 1/4 and hence all the 
quantization rules are changed slightly. Furthermore, notice that the previous values for A 
and B differ by a factor ^ from the results of ||, where v was set to one for convenience. 
The above background is not complete, unless we specify the gauge bundle. The gauge 
bundle for our case is D\ = SO(8) 4: which, as discussed in ||, comes from stabilizing 
the seven brane moduli. This fixing also guarantees, that there are no non-perturbative 
corrections to the moduli space. 



2 We do not necessarily mean that all four-cycles have equal volumes. The above analysis goes 
through easily with arbitrary sizes of the four-cycles. 



2.2. Solution to the Warp Factor Equation 

The solution to the warp factor equation can be found in two stages. We will attack 
this question from the Type IIB point of view, where we have the advantage of writing the 
warp factor equation linearly. Therefore, let us first assume our manifold is non-compact. 
In this way we can concentrate on regions far from the orbifold singularities and write the 
warp factor equation as 

§^ + 1^ = ^ + 1^ = 0. (2 .„) 

As discussed in ||, the above equations have an origin on the Type IIB side from the 
self-duality relation for the five-form The solution to (2.11) is 

c I 112 I 1-212 

A 2 = c Q - 5 '" 1 + '* 1 , (2.12) 

v 

where v is the volume of any generic four-cycle of the A^-theory four-fold. We will fix c Q 
below. Also observe, that the warp factor is independent of the z 3 direction and depends 
only on \z 2 \, for i = 1,2. 

Let us now bring back the singularities by making the Type IIB manifold compact. 
The term, that will now contribute to the warp factor equation is the Xs polynomial of 
A^-theory as 

X s = i E ^(z-z^5 4 (w-wn, (2.13) 

where z % = (zj, zf) and = z 4 ) are the fixed points of T 4 /X4 x T 4 /X4. This polyno- 
mial, which is a bulk term in A^-theory, will appear on the Type IIB side as gravitational 
couplings on the D7 branes and 07 planes and will give no contribution to the bulk. This 
will modify the Type IIB warp factor equation to 

□ A 2 = -2(|A| 2 + \B\ 2 ) + s2 ( w ~ w l )S 4 (z - z j ), (2.14) 

where the operator □ has been introduced in and we have ignored the contributions to 
the warp factor from gauge bundles. Observe that (2.14) doesn't take the derealization 
along w = z 3 into account, because this is derived directly from (2.13). If we take this 
effect into account, the solution of the Type IIB warp factor equation becomes 

. 2 5 IZ 1 ! 2 + |z 2 | 2 Ci 



v 2 Iz 1 — a\ 2 \z 2 — b\ 

a,b 
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where a, b are the fixed points on the base and ci is defined below. The constant Co is the 
boundary value of the warp factor, i.e it's value, when the size of the compact manifold is 
very large. In other words, 

Co = S,™ A 2 , (2.16) 

and the manifold therefore becomes unwarped. Observe that the warp factor (2.15) is 
well behaved everywhere except at the orbifold points. This is because we have taken 
tr(i? A R) = Y2j ${ z ~ z 3 )- For a resolved orbifold (i.e for a K3 x K3 compactification) 
the warp factor will be well defined everywhere. We can incorporate this by assuming 

c 1 =i(\z 1 -a\ 1 \z 2 -b\) = l 1 and f(0, 0) = 0, (2.17) 

where the first equality holds away from the fixed points. Similar arguments can be given, 
when we include the gauge fluxes in the warp factor equation, the form of which is given 
in . In fact the warp factor is well defined everywhere because it is well defined on every 
patches of our manifold even though the two- form field B is not globally defined || . This 
also resolves another issue regarding the periodicity of the z l coordinates. The form of the 
warp factor presented above in (2.15) doesn't seem to have the required periodicity. This 
is because we have defined the source of the warp factor (the two form B) on patches. 
Another point to note here is, that for a large sized manifold, even though the warp 
factor vanishes, there are still non- vanishing fluxes. The constant flux density goes to zero 
(because A, B —>■ for v — ► oo) but the localized fluxes remain non-zero at the fixed points 
(which are shifted to infinity) . This is where we face a contradiction, because the manifold 
seems to behave as a Calabi-Yau but there are still fluxes left, which cannot be supported 
on a Calabi-Yau. The resolution, as discussed in |1| , |J , is to assume, that these manifolds 
do not have a large radius limit. We'll discuss more about this in section 4.4. Further 
details on the function / will be presented elsewhere. 

2.3. The Torsional Connection and Chern- Class 

Another interesting question is the choice of connection for the compactifications con- 
sidered herein. This is important because our manifolds will be complex with a covariantly 
constant complex structure Jj, i.e 

Vi4 = diJi + 4 4 - nlk jf = o, (2.i8) 

9 



where 0* fc is the connection used. We cannot use the Christoffel connection because, as 
we show below, this will lead to a contradiction. The connection, that will be consistent 
for us is the torsional connection defined as 

^ k = T) k ±T; k , (2.19) 

where T l - k is the Christoffel connection and %j k is the torsion. The ambiguity of the sign 
will be clarified in the next sub-section. The torsion is related to the background 7i by the 
following relation: 



Tijk = %j gik = Tp^-ijk- (2.20) 



As discussed in detail in 0,0, and ||, the covariantly constant complex structure (2.18) 
implies the following important relation between the TC field and the metric (in terms of 
complex coordinates) 

7~Labc = 29c[a,b], (2-21) 

which is called the torsional constraint. In || we showed explicitly, how the background 
(2.7) satisfies the equations (2.21) (and its complex conjugates). In fact, the derivation of 
(2.21) from (2.18) requires the fact that the Nijenhaus tensor 

Nmnp = 7~~tmnp ^"^[m ^~^p\qri (2.22) 

vanishes. This can be easily shown, by taking into account the dilatino supersymmetry 
equation for the heterotic background. Inserting (2.21) in (2.20), we can determine the 
connection we should use. For example, with the choice of minus sign in (2.19) it is given 
by a simple relation 

V a bc = 9 ad g dc , b = fig,, (2.23) 

with all other components zero. For our case the preferred connection will include a plus 
sign in (2.19), as we shall see later on. One can show, that for Kahler manifolds the above 
connection reduces to the Christoffel connection!. 



3 In the next section (section 3), where we discuss the mathematical properties of non-Kahler 
manifolds, we will refer to the torsional connection simply as u). This will symbolize the preferred 
connection for our case. For the later sections we will distinguish between the affine connection 
u>i b (or the Christoffel connection r*,-) and the torsion Tlijk, unless mentioned otherwise. 
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The above choice of the connection solves one of the apparent puzzles related to the 
form of the trRAR term. As explained in 0, as a consequence of the anomaly cancellation 
condition the fundamental form of a manifold with torsion has to satisfy 

iddJ = tr (F A F — R A R) . (2.24) 

In general, trRAR will contain a (3, 1) and (1, 3) piece, if we use the Christoffel connection, 
giving in most cases Calabi-Yau manifolds as backgrounds. By using the connection given 
in (2.23), it is possible to show, that trR A R will always be a (2, 2)-form and in this case 
we expect to find a manifold with torsion as a solution. 

Such a manifold with torsion will, in general, be non-Kahler. As has been explained 
in 0, if the vector 

v m = jmnjkl^^ (225) 

vanishes the manifold is semi-Kahler, while if Tiijk vanishes the manifold is Kahler. For 
the background geometry (2.7) it is easy to see, that 

Vm = <9 m (logdets0, (2.26) 

where det g = detg a i = |A 4 . This implies a non- vanishing value for v m and therefore the 
manifold defined in (2.7) is not even semi-Kahler. 

It is also easy to show, that the manifold (2.7) has a vanishing first Chern class. Indeed 
the trace of the curvature 2-form is given by 

n = R mnk iJ kl dx m Adx n = idd(\ogdetg) = d(d - 8) || ft f, (2.27) 

since the norm of the holomorphic (3, 0)-form is given in terms of the warp factor. In 
order to get the above result, we have used the connection defined in (2.23), instead of 
the Christoffel connection. The first Chern class, given by c\ = J 7Z vanishes, since ft is 
globally defined. An alternative way to see this would be to use (2.18). Contracting (2.18) 
by J m we get (in complex coordinates): 

J h a v c r h =n d ad - n\ d = d a <p, (2.28) 

where <p is the dilaton, V is the torsion free covariant derivative and the last equality 
comes from the supersymmetry transformation of the dilatino, as explained in 0. The 
above expression is a total derivative. 
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2.4- Sigma Model Description 
(a) Basic Concepts 



Let us now discuss the sigma model description of our model. Most of the details, 
which are well known, can be extracted from Jl2| , @ > an d therefore we shall be brief. To 
the lowest order in a' , the light-cone-gauge action for the heterotic string in the presence 
of a non-zero two-form potential B and a gauge field F = dA is given by 



S =— ^ J dadr [d+X l d-XJ(g tJ + By) + iS n (D+S) n + M A (D. 



+ l -F l3AB ot n S m S^ A * B + 0(a% 



(2.29) 



where = (X + 1 X~, X 1 ), (i = 1, 8) are the bosonic fields and S m with m = 1, . . . , 8, 
describe spinors in the vector representation of SO (8), which are the superpartners of X 1 . 
The remaining degrees of freedom are the anti-commuting world-sheet spinors \I/ A , A = 
(1, ...,32), which transform as scalars under SO(8). On-shell we also impose 

8 + S m =0 = d_# A , (2.30) 

so that S m are right moving, while ^ A are left moving. If we denote the Yang-Mills field 
representations by T\ B , where q labels the adjoint of the gauge group, then F^ab = 
F-T\ B (with a similar notation for the corresponding one-form potential Ai), while the 
anti-symmetrized product of gamma matrices is written as cr^ n . Finally, the covariant 
derivatives appearing in (2.29) are given by 

(D_*) A = 8^ A + A AB (d_X l )* B , 

1 (2-31) 
{D+S) m = d + S m + -(uf - TfyaXid+X^S". 

Observe the way the spin connection u>^ b and the torsion %jk appear in the covariant 
derivative of S m . If e°(X) represent some orthonormal frame, such that e^e^dab = gij, 
then the spin connection satisfies the torsion free equation 

de a + uo ab A e b = 0. (2.32) 

If we denote the local gauge rotations by a AB (under which ty A rotates) and the local 50(8) 
Lorentz- rotations by (3 mn (under which S m transforms), then in general these symmetries 
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are anomalous. As is well known, these anomalies cancel, if we impose the constraint (2.6) 
on the 7i field. In fact the B field has to transform in the following way [|T3[ 



SBij = a'[7[i • dfl0 - A[i ■ dfla], (2.33) 

to cancel the anomalies. Here 7 is used to define the curvature R as R = dj + 7 A 7. In 
the next sub-section we will show how this is related to the usual spin connection. We will 
also discuss later how to actually realize this from our .M-theory set-up. 

The background metric and the B field of the particular example constructed in || 
are already given in (2.7). In this case the unwarped metric is flat g a i = rj a i. Using this 
we can calculate the inverse of the complete metric, g ab , and obtain 



q al = — 



/ 5 -Bz 2 \ 

I Az 1 
\-Bz 2 Az 1 2(A 2 + \Az 1 \ 2 + \Bz 2 \ 2 )J 



(2.34) 



where A is as usual the warp factor. Taking the inverse of the metric and the expression 
for 7i given in (2.7), one can easily confirm 

n- ab - c g b5 = da(f>. (2.35) 

This in turn is consistent with the fact that we have a vanishing first Chern-class, as 
discussed in the previous sub-section. 

We should point out, that because of (2.33), which leads to dTC ^ we cannot write 
the metric in terms of any local potential K because 

9a[l,c]d ~ 9d[b,c]a = «7(^,7) =► J = KdK - BK) + O(a'). (2.36) 

Here f(A : 7) is a function, that can be determined from (2.33). Therefore, the internal 
manifold is not Kahler. However, if dH = 0, we can have a local potential in terms of 
which we can write the metric, as the function f(A, 7) will be vanishing in this case. But, 
as briefly mentioned in ||, this will make the warp factor constant and therefore there 
will be no warped solution. A way to see this (at leading order in the a' expansion) is as 
follows. If we take the torsional connection into account, the supersymmetry variation of 
the gravitino can be written concisely as 

P m e=(?0-~W)e = O. (2.37) 
6 
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After a few simple but cumbersome manipulations (2.37) gives rise to the following condi- 
tion 



-pmnpq-rj nj 



d , 16 2 
' g ''■mnp 



+ 20(d ri 



+ 6d m d r , 



(2.38) 



where V is the torsion free covariant derivative. Embedding the spin connection into the 
gauge connection makes the left hand side of (2.38) to vanish. The right hand side of (2.38) 
then takes the form 



16 

R + Y H rnnp + 20(d m </>) 2 + 6d m d r , 



0, 



(2.39) 



which is consistent with the fact, that super symmetry imposes the classical equation of 
motion (assuming, of course, that the transformation laws are on-shell). The contracted 
Einstein equation and the equation for the three-form field Tt come out directly from the 
supersymmetry transformations. In the absence of sources and singularities this equation 
can be integrated over the internal manifold giving the condition 



16 

r + -n 2 mnp + u(d m( p) 2 



o. 



[2.40) 



If supersymmetry is unbroken, all the terms in the above sum are positive and therefore 
embedding the spin connection into the gauge connection implies (at this order in the a' 
expansion) 

and (j) = const. (2-41) 



T~^mnp 



It then follows from (2.41) that 



V m e = 0, 



(2.42) 



which implies a Ricci-flat Kahler metric as our solution. An alternative proof based on 
the non-existence of a holomorphic (3, 0) form, when we make the assumption dTi = is 
given in 



(b) Anomaly Cancellation 



Something discussed above in (2.41) and (2.42) may seem a little puzzling. Let us go 
back again to (2.31) and make the following identifications 



V A <-> SP, A= 1,... 



(2.43) 



1 '"1 w 1 
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where the rest of the ^ A for A = 9, ....,32 do not couple to the background fields and p 
labels the components of a spinor in the 8 C representation of SO (8). In fact, the above 
transformations can be used to rewrite our heterotic string sigma model lagrangian (2.29) 
with all the left-movers replaced in the following form 

J dadr[iSP(D_Sy + ^R ljkl a%a k ±SPSiS m S n ]. (2.44) 

In this form the above lagrangian resembles the Green-Schwarz superstring moving in a 
curved background. This theory is anomaly free, which would imply that it doesn't receive 
any Chern-Simons corrections. In the above action the curvature tensor Rijki is defined 
with respect to the connection 

Co? = oof - Tf = "? - \n?, (2.45) 

and contractions are done with e™. As discussed by [[|, there would, in general, be higher 
order a' corrections to (2.29), which in fact vanish, if we embed the gauge field in the 
torsional-spin connection <Z>" 6 , as done above. In other words, we identify 7 in (2.33) as 

7 f = uf - \nf. (2.46) 



The three-form field strength, that is invariant under the transformation |D|] is 

U = dB - a 



n 3 (A)-n 3 (u-ln) , (2.47) 



2 

where we have defined 

n 3 (A) = AAF- -AaAaA, (2.48) 
3 

and 3 (c<; — \H) is given by a similar equation with A replaced by u — \ The above 
7i field satisfies the Bianchi identity (2.6). At this point it seems from the analysis done 
in the previous sub-section, that we would not have a warped solution because dTL = 0, 
once we embed the gauge connection into the torsional-spin connection. However, we can 
assume that our identification 7 = A = uj is only to the lowest order in a' , as we do 
not want to embed the gauge connection into the torsional-spin connection. This would 
mean, that there would be corrections to the three-form equation (2.47), implying that the 
sigma-model action would also receive corrections^. Observe, that all these corrections are 



4 Note that on the right hand side of (2.47) the uj and H are actually one- forms as in (2.46), 
whereas the left hand side TL is a three-form. Since eventually makes a three-form, we hope 
that this will not confuse the readers. 
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of order ^4^7^ , where t is the radius of our manifold. Therefore, they are small, if the 
radius is big. Thus we will assume 

A = u + 0(a'), (2.49) 

which leads to dTi 7^ 0. In the following we shall use (2.47) to study the constraints on the 
size of our six-manifold. Details on this will be addressed in section 4. 

However, there is still an ambiguity in defining the connection!. This appears explic- 
itly, when we demand, that our sigma-model action (2.29) to be invariant under world- 
sheet supersymmetry transformations. If the supersymmetry transformation parameter is 
e p , then we require D+e p = 0, where D + is the same operator as in the second equation 
of (2.31), but now defined with respect to the connection uj instead of u, where 

Qf = ojf + \nf. (2.50) 

In fact this connection is more relevant for deriving the torsional constraints of our modelH. 
Therefore, this seems to leave us with the ambiguity in calculating the curvature tensor 
appearing in (2.6). However, observing (2.47) we see that we can, in fact, shift this 
ambiguity into a redefinition of the B field and keep the curvature tensor appearing in 
(2.6) unambiguous. Transforming B to 

B -> B-%- uj AH, (2.51) 

where the one-forms uj and TC are created from the corresponding three-forms by con- 
tracting with the vielbeins e ai e J a , the curvature tensor is now defined with respect to uj. 



Therefore, the obstruction 



/ [tr (R A R) — ^-Tr (F A F)] = 0, (2.52) 
J L 30 



5 The Chern-Simons term in (2.47) arises from anomaly cancellation condition and there can, 
in principle, be any connection to cancel the anomalies. The difference, however, is that, by 
choosing another connection we have to introduce set of counterterms in the theory. Therefore we 
will stick to the case when the connection in (2.47) is (2.46) and elsewhere it is given by (2.50). 
This aspect have been discussed, for example, in [ |15| |. We thank Chris Hull for correspondences 
on this issue. 

6 In [|| the connection used was in fact uj — 7i, which differs from (2.50) by a relative sign and 
also a relative factor of one half. Thus, the torsional equation of [Q] has an extra minus sign and 
a missing factor of 2, as was also pointed out in Q. However, since the torsion used there was 
— T this discrepancy doesn't alter any results. 
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is defined with respect to ui and is independent of the choice of connection. In passing, 
note that in (2.47) even though we have shifted the ambiguity into a redefinition of B, the 
three-form 7i still appears on both sides of (2.47). 

Finally, observe that even for a non-zero dTi, i.e A ^ &, as long as we have the 
Killing spinor equation D + e p = 0, the two loop beta function (at least for the metric and 



to the lowest order in a') is trivial. As argued in JT^], this may still be true to higher 
orders in a'. However, this argument relies on having a non-Kahler manifold, which is a 
deformation of the usual Calabi-Yau space and as such supports torsion, which is O(a'). 



Also as argued in [17], the conformal invariance of these backgrounds may be spoiled by 



non-perturbative effects like world-sheet instantons. For our case, the torsion is of order 



1 and the backgrounds receive O(a') corrections. This case is different from |16| and 
even though we might have one-loop finiteness the fact that we demand a vanishing beta 
function for our case is a little subtle because of the size constraints of our six-manifold 



|T8[j . In particular, it can be shown that the corrections to the two loop beta function are 



suppressed, as long as the size of the manifold is sufficiently large. More details on this 
and whether we can have a large sized internal manifold will be addressed in section 4. 

2.5. The Anomaly Relation in the Heterotic Theory 

Until now we haven't taken the localized fluxes in (2.1) too seriously. In the .M-theory 
setup the localized part of the G-flux is of the form 

^=E F\z\z\z\?)NW{z\z\z\t), (2.53) 

i = l 

where the supersymmetry constraints on G imply the primitivity condition g ab F^ = on 
the gauge fields. In (2.53) we are summing over four fixed points, where at every fixed 
point there are four singularities. The two forms fi^ are defined on the first T 4 /I^ in 
M. -theory, while F^r are located on the second T 7X4, around which the D7 branes and 
07 planes wrap. As discussed in ||, these localized fluxes are responsible for the gauge 
fields on the seven-branes on the Type IIB side. We are ignoring the constant fluxes for 
the time being. 

The localized forms O l are given by the 16 non-trivial (1, 1) forms on T 4 /!^. Let us 
concentrate to a region near one of the singularities. This space will look like a Taub-NUT 
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(TN) space and the (1,1) form is the unique (1,1) form of the TN space. This space has 
one radial coordinate r and three angular coordinates (9, <p, ip) with identification 

(r,e,<p,1>) = (r,n-6,n-<p,-i;). (2.54) 

The metric on this space is very well known. There is one singular point at r = 0, where 
the circle parametrized by ijj shrinks to zero. This circle is non-trivially fibred over the 
base (r, 9, (p). The anti-self-dual harmonic form on this space can be written in terms of 
real coordinates as [|TP| 

O = f D e" fl(r) (da - f 2 (r) dr A a), (2.55) 



where, as discussed in [[n§, at large distances, i.e r — >• oo, fi(r) = \r, iiir) = \, while f G 



is a constant. Hence O is normalizable. The one- from a is defined as 

a = —sin ip d6 + cos ip sin 9 dip. (2.56) 

Inserting this in (2.53) we immediately face a problem. From the form of (2.55) we see, 
that O depends on z 1 , z- 7 , i,j = 3,4. But to go to the Type-I theory (or heterotic) we 
require it to be independent of these coordinates! Therefore, we have to study this space 
locally, near r = and ignore all other fixed points. This in particular means, that we can 
only trace the behavior of one gauge field in the heterotic theory. 

Near r — > 0, O is well defined and the behavior can be written explicitly as [jir 



Q, = f ( da D - - dr A a a ) . (2.57) 



7T 

The above form is near the so-called bolt singularity. The one form a a is now different and 
is given by 

a a = dipo + cos 9 a dtp , (2.58) 



where (ip , 6> D , <p a ) are the appropriate coordinates near the bolt [p!9| . The above is basically 
a constant form, if we ignore the angular dependences. Parametrizing appropriately, we 
can in fact write (2.57) as a constant (1, 1) form 

fl = a dz s A dz 4 + b dz 3 A dz 4 , (2.59) 

where a, b are constants, that can be determined from (2.57). Plugging this in (2.53), and 
using the fact that dz 4 = dx 10 + idx , we can determine the three form fields H = Hns 
and H' = Hrr in the Type IIB theory as 

H = a F^dz 1 A dz 2 A dz 3 + b F- 12 dz x A dz 2 A dz 3 , 

(2.60) 

H' = -ia F^dz 1 A dz 2 A dz 3 + ib F^dz 1 A dz 2 A dz 3 , 
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where we have ignored the contribution from the constant fluxes. One can view the above 
as if we had taken a large sized manifold, where the flux densities (2.10) are essentially 
zero. The resulting Type IIB three-form potential is@ 

G 3 = -2ia F t 2 dz 1 A dz 2 A dz 3 . (2.61) 

Now as discussed in || , to go to the Type I theory we have to make two T-dualities along 
the toroidal directions. Even with the choice of extra localized fields (2.60), the only non- 
vanishing components of 7i have one leg along the z% or Z3 direction. Indeed, it is easy to 
verify that 

B mn = 6B [8m B' n9] =0, for m, n = 4, . . . , 7. (2.62) 

The equation of motion of the six-form potential of the Type I theory will lead to the 
Bianchi identity of the heterotic string as follows. First, observe that 

H A H' = 2ab F A F A dx 8 A dx 9 , (2.63) 

where we have defined F as a (1, 1) form, such that g ah F a i = and F a b = F d i = 0. These 
are basically the Donaldson-Uhlenbeck-Yau (DUY) equations for the gauge bundle. The 



explicit form of F will be discussed in [2(1 . For the time being we take F to be of the form 



F = F X 2 dz 1 A dz 2 + F l2 dz 1 A dz 2 . (2.64) 

Inserting (2.63) into the Type IIB Chern-Simons coupling D + AHA H', where D + is 
the four-form potential, results in an interaction on the world-volume of the D7-brane, 
since the part of H A H' containing the Yang-Mills fields is localized. After T-duality, the 
Chern-Simons interaction maps to the A F A F interaction of the Type I theory. On 
the other hand the non-localized piece of H A H' gives rise to the kinetic term for in 
the bulk. A quick way to see this would be as follows. Let us denote the coordinates of 
the fiber T 2 as 8,9; K3 as X, Y, Z, W and Minkowski as fi, u, p, a. Thus in our notation 

M\% B ,. A = K3 [mw] x -M x R^wl- (2.65) 



7 We are choosing the axion-dilaton ip = i, as this is still the solution, even in the presence of 
localized fluxes. This will be clear soon, when we show, that the torsional constraints are satisfied 
for this case too. 
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All the coordinates are real and A,B,C, ... run over full ten dimensional indices. Also the 
non zero components of B and B' are of the form (i, X) where i = 8, 9. 

Consider the interaction D + AHA H' . After integrating by parts we can write one of 
the contributions as 

/ dD+^ pa B 8X H' 9YZ . (2.66) 
This interaction results from the kinetic term of in the Type I theory 

a / %jl n-/I A' B' C' 

n n — ' n ABC n A'B'C e DEFGHIJ 

(2.67) 

A'B'C'D'E' 

FGHIJi 



J 9dd'9ee' H-abc 7~La'B'C e ' 



by using two T-dualities. We will use the fact, that the H 1 field has one component 
along the T 2 direction (here / denotes Type I components) . For definiteness, consider the 
component 

J 98X999 7~(-8YZ Wx'Y'Z' e89X Y Z Wabcd- (2.68) 



We can use the T-duality rules given in [21] taking into account, that the e symbol of Type 
I is not the same as the e symbol of Type IIB. In particular, the volume of T 2 has been 
inverted, and there are additional terms involving B fields. But we can write 

(I)89X'Y'Z' 89X'Y'Z' , (l? fiq x 

£ Wabcd - 988 999t Wabcd + (Z.W) 

where ... are the terms involving B, B' . Inserting (2.69) into (2.68) and using the T-duality 
rules and the fact that the five-form is not closed, we get 

/ dD+ abcd B sx H' 9YZ + .... (2.70) 

modulo signs and numerical factors. This is what we wanted to show. 

Taking the previous interactions into account, the equation of motion for after 
U-dualities will be 

dU = -olF A F, (2.71) 
20 



where Tt = *dC^ and we have normalized a, b appropriately. The a' factor appearing 
above comes from the seven-brane. For the full non-abelian case (2.71) will take the form 
tr(F A F). In deriving (2.71) we have used the orthogonality property of the (1, 1) forms@. 

Observe that in our calculation we couldn't reproduce the complete anomaly relation 
for the heterotic string. This is because we considered the supergravity approximation, 
where we can see the contributions from the gauge bundle but not the contributions from 
the spin bundle. To get the complete anomaly, we will lift our solution to .M-theory, where 
the gravitational part of the anomaly is well known. To do so, let us consider the following 



chain of dualities 22 



Mon^ HB°n n . ( _^. j2 - HA on - ( - . (2.72) 

From the above chain we see, that if in the Type IIB theory we have sixteen D7-branes 
plus four 07-planes, then we get in the Type IIA theory sixteen .D6-branes plus eight 
06-planes. From the Type IIA point of view every D6 branes lifts up in .M-theory to a 



This is easy to work out. Here we simply sketch the details: Let us denote the twenty 
(1, 1) forms on T 4 /X4 as 1), i = 1, h ' (replacing the orbifold by a smooth K3, we have to 
interpret the singularities as the points where the fiber torus degenerates on the base. As it is 
known, there is no simple way to write the metric or the harmonic forms for K3, and therefore 
the discussion for smooth K3 will be more involved. In this paper we will stick to the orbifold 
limit only). The G-fiux in .M-theory can be written as : 

4 h 1 ' 1 -4 

§^ = J2 A ij n\ 1>1) (z k ,z k )Ail{ ltl) (z l ,z l )+ F p (z k ,z k )An P ilA) (z l ,z l ), 

i = l p=l 

where Ay are constant numbers, k = 1, 2 and I = 3, 4. In the above equation the first sum is over 
the constant (1,1) forms and the other sum is over 16 localized forms. We have ignored the other 
two (2,0) and (0,2) forms (which are also constant forms). Using now the orthogonality property: 

/ n P ill) (z l ,z l )Anl 11) (z l ,z l ) = 167r 2 5 p ' 1 , 

we can confirm the terms on the branes and the bulk. In deriving this, we have ignored the mass 
parameter of the TN space. These details do not alter any of the generic discussion, that we give 
here. Restoring it will simply add one more (determinable) parameter in the theory. This issue 
has been discussed earlier in [Hi. 



21 



Taub-NUT space and every 06 plane lifts as an Atiyah-Hitchin space satisfying [pi 



Pi = I Pi = 7^7 / Pi, (2-73) 



Taub-NUT ^Atiyah-Hitchin 24 J T 4/j 4 

where p± is the first Pontryagin class of the spin bundle. The above relation directly trans- 
lates to the Type I case by doing a series of U-duality transformations. The gravitational 
terms are in fact related to J T 4/ X4 -^8 i n such a way, that the heterotic anomaly equation 
is 

dH = ^[ Pl (R) - Pl (F)], (2.74) 

where R = d'j + 7 A 7, F = dA + A A A as defined earlier. As previously emphasized in 
0, the two terms in (2.74) have different origins in A4 -theory. 

Finally, we should address the important question of torsional constraints in the pres- 
ence of (2.60). Due to the anti-symmetrization in (2.60), we can write the NS-NS B field 

as 

B = a A- 2 dz 2 Adz 3 + b A 2 dz 2 Adz 3 . (2.75) 

This in particular will affect the heterotic metric because under U-duality NS-NS B-fields 
contribute to the metric. If we ignore the constant fluxes and take only the localized fluxes 
into account, then the heterotic metric will become 

/A 2 \ 

g a - b = A 2 + A 2 A 2 -\ , (2.76) 

V \ J 

where we have ignored an overall factor of 2 and also assumed that the Type IIB coupling 
is gs = 1, as this is a consistent solution 0. For our case it is easy to see, that all the 
torsional constraints are satisfied. The only non-trivial relation is 

7Y 2 i2 = 2 #211,2] • (2.77) 

As shown earlier in (2.62), 7Y 2 i2 = an d therefore, the metric derivative implies the 
following linear equation for the warp factor 

dA 2 

-Q^T + M d x A 2 = 0. (2.78) 

This is precisely the expected dependence because, from the Type IIB point of view, the 
five-form equation is 

F 5 = -(B AH'- B' AH) + sources, (2.79) 

where B, H' are the contributions from the constant fluxes (which we are ignoring for the 
time being) and the sources contribute precisely A A F. The above derivation shows, that 
the torsional constraints are satisfied to the lowest order in a' . 
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2.6. Enhanced Gauge Symmetry 

In H it was argued, that the full non-abelian symmetry in our model can actually 
appear from wrapped membranes on two-cycles of the .M-theory four-fold. Here we shall 



provide some details generalizing earlier work of [ 2jJ . This construction relies basically on 
the duality chain (2.72). We are also viewing the orbifold T 7X4 as a T 2 /X2 fibration over 
every fixed point of T 2 /X2 and a T 2 fibration elsewhere. The metric can be written as 



A§ 



/33 



dz 3 \ 2 + g^dz 



4|2\ 



(2.80) 



where A is the warp factor. In this space it is easy to construct a two-sphere as a cylinder 
shrunk at two points. A membrane wrapped on this sphere will have a mass given by 



m 



a 



As dip dr, 



(2.81) 



where ip,r are defined in (2.54). We denote the two points at which the cylinder shrinks 
as fj, rj, and a takes into account the dimensionful parameters. The above relation is not 



the full story. As argued in p3|[ , there are additional two cycles, which contribute states 
with masses: 



n 



13 







A 3 dip dr, 



(2.82) 



which, in the Type IIB theory will be interpreted as states appearing due to the orientifold 
reflection. To see what kind of algebra we generate from above, we have to study the 
intersection matrix. This is constructed by considering the possible number of points 
where two spheres can intersect. For our case, when we concentrate near the region, where 
we have T 2 /I2 as our fiber, the intersection matrix X is easily shown to be 



X 



-1 



/ 


\ 



■1 



2 




\ 


-1 

2 / 



(2.83) 



This is the Cartan matrix for the -D4 algebra and therefore globally we have a D\ algebra 
and the enhanced gauge symmetry is realized when 



m 



1 j 



n 



0, Vi,j 



(2.84) 



and from the symmetry of the system we also have a = f3. In the language of Type IIB 
theory this is the case, when the D7 branes lie on top of an 07 planes and therefore the 
masses of the strings are zero. 
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3. Topological Properties of Non-Kahler Manifolds 

In this section we will study topological properties of Non-Kahler manifolds. We 
shall discuss various algebraic geometric properties of these manifolds and give a generic 
construction of a large class of them which are compact and also complex along with their 
complete Betti numbers etc. The basic algebraic geometric techniques used here can be 



extracted from |2J]. Some of the details presented in section 3.2 are also obtained by pj. 

We begin with a brief description of some of the lesser known properties of these 
manifolds. 

3.1. Basic Features of Non-Kahler Manifolds 



(a) Failure of identities on Hodge numbers 

Kahler manifolds have a great deal of structure that general complex manifolds have 
not, although the Hodge numbers h pq are still defined for general compact complex man- 
ifolds. Here are some properties of Hodge numbers for Kahler manifolds that do not, in 
general, hold for compact complex manifolds. 

The Hodge numbers do not completely determine the Betti numbers, the topological 
numbers, which characterize a general (real or complex) manifold M. The p-th Betti 
number b p is the dimension of the p-th De Rham cohomology group H P (M), which depends 
only on the topology of M. By the Hodge theorem b p counts the number of harmonic p- 
forms u) p on M 

A d u p = 0, (3.1) 

with A = *d*d + d*d*, where d is the exterior derivative as usual. 

For a complex manifold one introduces the Dolbeault cohomology (or <9-cohomology) 
-ff|' 9 (M), whose dimension is the Hodge number h pq . The number of harmonic (p, q) 

A § u p , q = 0, (3.2) 

which is (in general) not a topological invariant and is determined in terms of the Hodge 
numbers. Here one defines the operator 



A 3 = BB ] + d ] d. 
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(3.3) 



Only in the case of Kahler manifolds do the Laplacians agree A d = 2Ag and the Betti 
numbers become sums of Hodge numbers. In the non-Kahler case we still have the in- 
equality 

hPq * b ^ 

p+q=n 

but equality does not hold in general. Also the Hodge numbers are not in general sym- 
metric; one may not assume that h pq = h qp . 

Here is another important property of Kahler manifolds that can fail for general 
compact complex manifolds. If N is a compact complex submanifold of M, then a Kahler 
metric on M restricts to one on N. If uj is the Kahler class, and N has complex dimension 
n, it follows that J N uj n > 0. If M is not Kahler, it is possible that there is no closed 2n 
form on M whose integral over N does not vanish. 

(b) d — cohomology and the Frolicher spectral sequence 

For any complex manifold M and any holomorphic bundle E over M, 8 is well defined 
as an operator on sections of E and, more generally, {0, q} forms with values in E. This 
gives a complex whose cohomology is called the <9-cohomology with values in E. If we 
specialize to the case where E is the bundle of holomorphic {p, 0} forms, then the h pq is 
defined to be the rank of the d- cohomology. This is the meaning of the Hodge numbers for 
a general complex manifold. What is true in the Kahler case but fails in the general case is 
that every 9-cohomology class has a representative cycle that is enclosed as well. Instead, 
d operates on the 9-cohomology, generating a new complex, and only the cohomology of 
this complex contributes to the cohomology of M. This is the first stage of what is called 
the Frolicher spectral sequence. In principle, there could be even further cancellations, but 
nobody seems to know of a case where this actually takes place. 

(c) The Serre spectral sequence of a fibration 

For the sake of simplicity, we will work throughout in the context of real cohomology. 
Let B and F be topological spaces. Then the Kiinneth formula asserts that 

H m (BxF) = H p {B)®H q {F), (3.4) 

p-\-q=m 

for each non-negative integer m or, more compactly, H*(B x F) = H*(B) ® H*(F). 
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We recall that a fiber bundle over B with fibre F is a space E with a projection 
7T : E — > F that is locally, but in general not globally, the product of F with F. The 
definition of a fibration with fiber F is more technical, but somewhat less restrictive. In 
either case, there is a spectral sequence {E pq , d r } with 

E pq = H p (B) ® H q (F), d r : E p r q -> £P+r<7-r+i (3 ^ 

is a homomorphism with = 0, and, suppressing the superscripts, F r+1 is the cohomol- 
ogy of the complex {E r ,d r }. This is called the Serre (or Leray-Serre) spectral sequence. 
Because d r has negative degree in the second superscript, E Pq eventually stablizes for each 
pq, even if B and F are not finite dimensional. This limit is called F^ and H m (E) has 
the same rank as £ p+(?=m Fg«. 

In particular, F^° can be identified with a quotient of H P {B), namely 

n*(H p (B))CH p (E). (3.6) 

The kernel of n* is generated by the images of all d r , the "eventual coboundaries" in the 
spectral sequence. Similarly 

E°J = f)ker(d r ), (3.7) 

r 

otherwise known as the "permanent cocycles" can be identified with a subgroup of H q {F), 
namely j*(H q (E)), where j represents the inclusion of F in F as a fiber. 

One sees that the Betti numbers of the product B x F provide upper bounds for those 
of F. Moreover, d r always has total degree +1, so that the Euler number of F is the 
product of those of B and F whether or not the fibration is actually a product. 

We recall that the Kiinneth formula can actually be interpreted as the tensor product 
of the two cohomology rings. This gives a ring structure to F2. It turns out that E r has 
a ring structure for each value of r, for which d r is a derivation so that F r +i inherits its 
ring structure from E r . In practice, this greatly facilitates computations. 

However, the ring structure of H*(E) need not be identical with that of F^. What 
is really the case is that there is a filtration of H*(E) with Eoo as the associated graded 
ring. While a filtered real vector space is necessarily isomorphic (although not canonically 
so) to its associated graded space, this is not the case for real algebras. The point is that 
rank is the only invariant of finite dimensional real vector spaces, but the structure of real 
algebras is more complicated. 
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There is also a Serre homology spectral sequence, {Ep q , d r } for which E r vq and d r are 
the real duals respectively of E pq and d r , and E°° is the associated graded group to a 
filtration of H*(E). What is particularly important for our purposes is that an element of 
H*(F) maps to zero in H*(E) (is "homologous to zero") if and only if it is an eventual 
boundary in the Serre homology sequence. 

It should be noted that, throughout this section, we have suppressed a complication 
involving the action of the fundamental group of the base on the homology or cohomology 
of the fibre. However this action is trivial in the case of a principal fiber bundle with 
connected group, and this is the only case we will be considering. 

(d) The case of a torus bundle 

A special case of the Serre sequence, and the only one that will concern us in the 
sequel, is that in which F is a torus T = S x 5" , where S and S' are copies of S 1 , each 
with a fixed orientation. Then in the Serre sequence E Pq is non-vanishing only for q = 0, 
q = 1 and q = 2. It is immediate a priori that the only non-trivial d r are d 2 , and ds , and 
E4 = Eqq. Moreover, it follows from the ring structure, that if d2 vanishes identically, then 
so does d^. If we write s and s' for integral generators of H 1 ^) and H 1 (S') respectively, 
we may identify 

Ef h-> H p (B) 

Ef i-> s®H p (B)®s' '®H P {B) (3.8) 

Ef ^ s <g> s' <g> H p (B) 

We write c and d respectively for (^(s) and ^(s') in H 2 (B), and will refer to (c, c') as the 
double Chern class of T with respect to the decomposition S x S'. Then we have 

d 2 (s®s) =s'®c-s®c', (3.9) 

where there cannot be any cancellation, since the two summands are in different "sectors" 
of E p ls , and it is a straightforward consequence that if either c or d is distinct from zero in 
H 2 (B, R), any generator of H 2 (T) is a boundary in the Serre homology sequence and so is 
homologous to zero in the total space. From this, it follows that the integral of any closed 
two-form over any fiber vanishes. In particular, if the total space is a complex manifold 
and the fibers are submanifolds, it follows that the total space cannot be Kahler. 

If B is a simply-connected four dimensional manifold, we can compute the Betti 
numbers of E very easily. Since the Euler characteristic x(T) = 0, it follows that x(E) = 0. 
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Since E will also be an orientable manifold and therefore satisfy Poincare duality, b\ (E) 
and 62 (E) will determine all the other Betti numbers of E. But we have 

H\E) = ker C H^T), and 

(3.10) 

H 2 (E)=H 2 (B)/d° 2 ' 1 (H 1 (T)) 

since -E3 1 = and -E3 = E^ are the only non-vanishing components of E^ of total 
degree 1 and 2 respectively. 

This allows us to compute the Betti numbers of E, bi(E) = bi, as 

(60,61,62,63,64,65,66) = 1, 0, 62(B) - 2, 26 2 (B) -2, 62(B) -2, 0, 1 (3.11) 

if c and c' are linearly independent, and 

(60,61,62,63,64,65,66) = 1, 1, 62(B) - 1, 26 2 (B) -2, 62(B) -1, 1, 1 (3.12) 

if c and c' are linearly dependent but do not both vanish as real co ho mo logy classes. If 
c and d are both trivial as real co homo logy classes, then E<i = E^ and E has the same 
Betti numbers as B x T. 

Thus for the example studied in (2.7), since the tori are all square, the real and 
imaginary part of the curvatures will be linearly independent and therefore the Betti 
numbers will be given by (3.11), i.e. 

{ b t } = 1, 0, 20, 42, 20, 0, 1. (3.13) 

It follows from the remarks following equation (3.9), that the manifold is non-Kahler and 
has Euler characteristics, % = 0. 

3.2. Holomorphic Torus Bundles 

The examples of non-Kahler complex manifolds we shall consider are generalizations 
of the Hopf surface, which is the quotient of C 2 — {(0, 0)} by the multiplicative group of 
scalars generated by 2. The Hopf surface is a torus bundle over CP 1 since C 2 — {(0,0)} 
is fibred over CP 1 by C x , the multiplicative group of non-zero complex numbers. The 
action of the discrete doubling and halving group is fiberwise and the quotient fibers are 
tori. We shall generalize this in two stages. 

(a) Torus bundles from holomorphic line bundles 
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Let M be any complex manifold and L a holomorphic line bundle over M. Let L x be 
the complement of the zero-section in the total space of L. Then C x , the multiplicative 
group of non-zero complex numbers acts holomorphically on L x . We divide out by the 
cyclic subgroup generated by any non-unimodular complex number, k, to obtain a complex 
manifold N that is fibred over M with toral fibers. This is a direct generalization of the 
Hopf surface, for which M = CP 2 , L is the Hopf bundle and k = 2. 

(b) More general torus bundles 

Since a torus is a complex manifold, one can consider the most general holomorphic 
principal (meaning that the group of the bundle is the torus, acting on itself by translation) 
torus bundles. The usual construction of a bundle from transition functions applies in this 
case. Let T be a torus, and let M be a complex manifold. A holomorphic torus bundle 
can be obtained from a covering of M by open sets, U a together with holomorphic maps 



satisfying the usual requirements, namely 4> aa is the identity and </> a/ 9° < / , /37 = 4>ay wherever 
both sides are defined. 

(c) An example 

Let M be the product of two copies of CP 1 . Let z\ and z 2 be homogeneous coordinates 
on the first factor, and let w\ and w 2 be homogeneous coordinates on the second factor. 
Let T be defined as C/T, where T is a lattice of rank 2. Let Uij be the open subset of M 
defined by Zi 7^ 0; Wj 7^ 0. 

Let a and j3 be a basis of V. Define exp a and exp^ as maps from C to C x defined 
respectively by exp a (z) = exp(27ri^) and exp^(z) = exp(27ri-|). Then the quotient map 
C — > C/T = T factor through each of the maps exp Q and exp^. We will write rc a and 
up for the other factor in each case, so that the quotient map can be expressed both as 
7r a o exp Q and Tip o exp^. With this notation, we define 



It is straightforward to see, that the transition functions so defined satisfy the required 
relations. The total space of the torus bundle in this example turns out to be S s x S s , 



4> a p :U a f]Up :— > T, 



(3.14) 




(3.15) 
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so that we obtain a family of complex structures on S 3 x S 3 , parametrized by the moduli 
space of tori. However, this example generalizes easily in several significant directions. 

1. With no change of notation whatsoever, M can be replaced by the product of two com- 
plex projective spaces of arbitrary dimension, yielding complex structures on the product 
of any two odd dimensional spheres. 

2. The transition functions 4>iji>j> can be generalized by 



for any integers m and n; somewhat more generally, we can instead relax the requirement 
that a and f3 form a basis of the lattice, taking them to be any lattice elements at all. 

3. We can increase the number of projective factors, associating a lattice element to each 
factor and proceeding as above. 

4. We can increase the dimension of the torus. In this case, we have a lattice of rank 
2n in C n . If a is the lattice element associated to a projective factor, then the factor of 
the transition functions associated to that projective factor takes its values in the portion 
of the torus covered by the complex span of ot. This will, in general, be a noncompact, 
possibly even dense, subset of the torus, but the construction remains valid. 

5. Holomorphic torus bundles, like bundles in any category, transform contravariantly 
with respect to holomorphic maps so that any holomorphic map from a complex manifold 
M to any product of projective spaces induces many torus bundles over M. 

(d) Characteristic classes of holomorphic torus bundles of one complex dimension 
over Kahler manifolds 

Let T = C/T as in the previous section, and let M be a Kahler manifold. We write, 
as usual, O for the sheaf of germs of holomorphic complex valued functions of M. We 
write Ot for the sheaf of germs of holomorphic T- valued functions on M. We can identify 
r with the sheaf of locally constant functions from M to V. This gives the exact sequence 
of sheaves 



which in turn yields a long exact cohomology sequence in which the terms of interest are 




(3.16) 



(3.17) 



^(M, T) -> U^M, O) -> if^M, O t ) -> H 2 (M, T) -> H 2 (M, O) 



(3.18) 
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where holomorphic principal T-bundles over M are parametrized by H 1 (M 1 Or)- The map 

H 2 (M,T) -> H 2 (M,0) (3.19) 

factors through H 2 (M, C) , and the composition 

H x {M,O t ) -> H 2 {M,T) -> H 2 (M,C) (3.20) 

permits us to define what we will call the complex chern class cr £ -H" 2 (M, C) of the 
holomorphic principal T bundle, cr is a linear combination of integral cohomology classes 
with coefficients in V. Because V has rank 2 over the integers, cr is a linear combination of 
at most two integral classes. The map H 2 (M, C) -> # 2 (M, O) (locally constant cochains 
to locally exact cochains) corresponds to projection of a complex cohomology class on its 
(0, 2) component, so that exactness of (3.18) at the penultimate term implies that the (0, 2) 
component of cr must vanish. This is a necessary and sufficient condition for a complex 
linear combination of two integral cohomology classes to be the complex Chern class of a 
holomorphic principal torus bundle. 

(e) Connections and curvature 

Let E be the total space of a principal T bundle over the Kahler manifold M, where 
T = C/T. We observe that T acts on E as a transformation group with M as orbit space. 
If z is an affine coordinate on the universal covering space of T then dz is well defined as a 
one-form along the fibers, but not as a one-form on E. A holomorphic connection is defined 
to be a T invariant (l,0)-form to on E whose restriction to each fiber coincides with dz. 
The adjective "holomorphic" in this context refers to the fact ui has no (0, 1) component; 
io cannot be chosen to be a holomorphic form unless the bundle is flat {i.e. the transition 
functions are locally constant). There is no single natural choice for u, but existence can be 
established using a smooth partition of unity on M together with holomorphic one-forms 
induced by local trivializations. 

Two different holomorphic connections differ by 7r*(#) where n : E — > M is the pro- 
jection map and 9 is a (1, 0) form on M. This observation makes the space of holomorphic 
connections an affine space over the space of (1, 0)-forms on M. 

The next observation is that if w is a holomorphic connection on a torus bundle, then 
doj is a closed two-form that descends to M and whose de Rham cohomology class is 
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independent of uj. We will call it R u the curvature form of the connection. Although 
is not, in general, homogeneous with respect to the Hodge decomposition, it clearly has 
no (0, 2) component. 

We will call uj a preferred connection, if R w is (i-harmonic. Note that since M is 
Kahler, this implies that R^ is harmonic with respect to all three of d, d and <9, and that 
the (1, 1)- and (2, 0)- components of R w are separately harmonic, and therefore closed. To 
see that a preferred connection exists, let uj be any holomorphic connection and let Re be 
the harmonic representative of R w . Let 9 be a one- form with d9 = Re — Rlo- Then the 
(0, l)-component of 9 is 9-closed, therefore anti-holomorphic, and therefore closed since M 
is Kahler. Hence it makes no contribution to dO, and may be assumed to be zero. Then 
uj + tv* (9) is a preferred connection. Moreover, a preferred connection is unique up to a 
holomorphic one-form on M. 

We note next that for any local section a of the torus bundle, any point of the E lying 
over the support U of the section is uniquely expressible as ta(m). This identifies 7r _1 (L r ) 
holomorphically with U x T and, with respect to this decomposition, any holomorphic 
connection ui, preferred or not, has the form dz + 9, where 9 is a (1, 0)-form on U. Changing 
the holomorphic section has the effect of changing 9 by a holomorphic summand. This both 
provides a local recognition principle for holomorphic connections and identifies the space 
of holomorphic connections on a holomorphic torus bundle with H (M, A 1 ' /^ 1 ), where 
A 1 ' denotes the sheaf of smooth (l,0)-forms and O 1 denotes the sheaf of holomorphic 
one-forms. 

To obtain a global recognition principal for holomorphic connections, we need to 
identify the cohomology class on M represented by the curvature form R E . Let us begin by 
choosing an integral basis {a, f3} for V and making the observation that T as a topological 
group is the product S„x Sp, where and Sp are respectively the subgroups of T covered 
by real multiples of a and f3. Then there are integral cohomology classes c a and cp for which 
cr = ac a + j3cp. Moreover (c Q , cp) is the double Chern class of the underlying topological 
torus bundle with respect to the decomposition T = x Sp. We may, incidentally, 
conclude that E is not a Kahler manifold unless cr = 0. 

We write Ep = E / S\ and E a = E/S^. Then E a and Ep are circle bundles over 
M and E can be recovered as the fiber product of E a and Ep. When we look at the 
torus bundle from this point of view, the components c Q and cp of the double Chern class 
become respectively the Chern classes of the circle bundles E a and Ep respectively. 
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Now let w be a holomorphic connection and consider the forms 

up = — =(au — au), and 

aP - f (3.21) 

W « = ~—o ~~ ^) 

ap — ap 

u a and up are real, since, in each case, both numerator and denominator are imaginary. 
Moreover, u = au a + (3up. u a and up vanish along the orbits of Sp and respectively 
and so descend respectively to one- forms on E a and Ep. We can now see that du a — c a 
and dup = cp. The usual factors of 2tt and i are missing because u a and up are real and 
have period 1 instead of 2tt or 2iri on the fibers of E a and Ep respectively. The conclusion 
is that du represents ac a + (3cp = cr- 

This observation gives a necessary and sufficient condition for a harmonic two-form 
R on M to be a curvature form for some torus bundle: R must represent a complex linear 
combination of two integral cohomology classes, and the (0, 2)-projection of R must vanish. 

(f) Metric, torsion and holomorphic forms 

For any holomorphic connection u, Xu A u is a real (1, l)-form corresponding to a 
positive semi-definite Hermitian inner product on the tangent bundle of the total space 
that is definite along the fibers. Let tt be the projection from E to M, and let Jm be a 
Kahler form on M. It follows that 

f 

J E = -u Au + gir* U M ) (3.22) 

i 

is a real (1, l)-form corresponding to a positive definite Hermitian metric on the total space 
for any identically positive functions / and g. 

The torsion is simplest to compute if we take / and g to be constant; clearly variable 
/ and g will create additional terms in the torsion. We choose both to be constant and set 
/ = 1. Then since Jm is closed, the contributions to 8Je and 8Je will come only from 
the first term. We further assume for simplicity that a; is a preferred connection so that 
ddu — and du and du are separately harmonic. Then 

d Je = - (du A u — u A du) 

i 

dJ E = - (du A u - u A du) (3.23) 

i 

ddJE = —-du A du. 

i 
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Finally, we observe that if M has complex dimension n and O is a holomorphic (n, 0)- 
form on M, then uj A 7r*(0) is a holomorphic (n + 1,0) form on E, and is independent 
of the choice of uj. This guarantees that if M has a nowhere vanishing top dimensional 
holomorphic form, then so does E. 

(g) The case in which M is a product of two tori : the metric of (2.7) 

If M is a product of two tori, H 2,0 (M) and H 0,2 (M) are each one dimensional. It 
follows that any two linearly independent integral cohomology classes in H 2 (M, Z) admit 
a complex linear combination without a (0, 2)-component, so that there is no lack of 
holomorphic torus bundles over any product of two tori, or even over a more general 
torus of two complex dimensions. 

However the case, as in the metric of (2.7), where the curvature is a pure (1, l)-form, 
is considerably more restrictive. In that case, we need to find a class in H 1 ' 1 (M) that is a 
complex linear combination of two integral cohomology classes. Moreover, we have 

h 1 ' 1 (t 1 xt 2 ) = h 1 >\t 1 )®h 1 > 1 (T2)®h 1 > (t 1 )®h >\t 2 )®h >\t 1 )®h 1 > (T2) (3.24) 

and the form of the metric in (2.7) tells us that the class we need is orthogonal to the first 
two summands. For a generic choice of Ti and T 2 , such a class will not exist. 
We note that the metric of (2.7) implies the connection 

uj = dz 3 + 2i z 2 dz x - (4 + 2i) z x dz 2 , (3.25) 

where dz 3 is the standard holomorphic one-form along the fiber. This expression assumes 
the origin of the coordinates (z l ,z 2 ) to be at one of the fixed points of an involution of 
Ti x T 2 . Because of its form, uj descends to the quotient of T\ x T 2 by the involution and 
coincides with dz 3 along the blowup of the fixed point. Changing fixed points entails adding 
a semi-period to each coordinate. This changes the form of uj by a holomorphic one form 
that is a linear combination of s\dz 2 and sidz 1 where Sj is a semi-period of T;. Moreover 
there is a sign ambiguity in the semi-period that corresponds to the sign ambiguity in 
the coordinates, so that the new form of uj still descends to the quotient. It follows from 
the foregoing that uj satisfies the local condition to be a holomorphic connection on a 
holomorphic torus bundle over the desingularization of (Ti x T 2 )/Z 2 . 
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To check the global condition, we note that the curvature form for the torus bundle 
implied by the metric of (2.7) is 

R = 2i dz 1 A dz 2 - (4 + 2%) dz 2 A dz 1 (3.26) 

apart from an irrelevant real factor of -. Let us investigate what choices for the three tori 
(Ti, T 2 , and the fiber T) involved are consistent with this choice. 

We will assume that Ti has lattice generators 1, fa. It will always be possible to 
rescale without invalidating the following analysis, provided the tori are not rescaled inde- 
pendently. We choose integral cohomology generators cij and bi on Ti on the understanding 
that dibi is a positive multiple of the orientation class. Then we have dzi = ai + fiibi and 
the curvature form for the torus is given, in terms of the integral generators as 

R = A\ a\b\ + A 2 a\b 2 + A3 b\a 2 + A4 0262, where 

A 1= 4 + 4i, A 4 = 2ifx lf I 2 + (4 + 2i)fl lf x 2 (3.27) 

A 2 = 2ifl 2 + (4 + 2i)m, A 3 = 2i^ + (4 + 2i)fi 2 

It is immediate by inspection that R will certainly be a complex linear combination of two 
integral classes if both \i\ and \x 2 are Gaussian integers (complex numbers with integral 
real and imaginary parts). In that case, T the torus of the fiber can be taken to have the 
Gaussian integers as its lattice. This is the standard "square" torus. 

4. Background Superpotential 

In the following we will be deriving the form of the superpotential, that is induced by 
the non-vanishing 7Y-flux in the heterotic theory compactified on a manifold with torsion. 
This superpotential gives rise to a potential for the moduli fields of the internal manifold. 
In the supergravity approximation we will basically follow a similar approach as in [^5| , for 
compactifications of .M-theory on Calabi-Yau four-folds. Thus, instead of extracting the 
superpotential from the potential for the scalars, we will be considering the dimensional 
reduction of a term quadratic in the gravitino appearing in the ten-dimensional action of 
M = 1 supergravity coupled to Super- Yang Mills theory. In four dimensions the term 
quadratic in the gravitino has a coefficient proportional to the superpotential (see for 
example equation (25.24) of []26[]), which makes the calculation easy. This is in contrast 
to the scalar potential, which is quadratic in the superpotential and also contains the 
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derivatives D a W . Equivalently, we could have considered the dimensional reduction of 
the gravitino supersymmetry transformation to obtain the form of the superpotential, as 



has been done in |27j for the case of compactifications of the heterotic string on a Calabi- 
Yau three- fold. 

But before we go into deriving the form of the superpotential , let us first discuss the 
existence of the holomorphic three- form for our background manifold (2.7). 

4-1. Holomorphic Three-Form 

The superpotential discussed in the Type IIB theory |ll| is constructed from the 



holomorphic three- form O and G3, made from the anti-symmetric tensors and the dilaton- 
axion. The three-form O is constructed from covariantly constant Weyl spinors on the 
manifold and can be written as 

O = v Ir 123 V- dz 1 A dz 2 A dz 3 , (4.1) 

where 1^123 is the anti-symmetrized product of three gamma matrices on the internal 
manifold as usual. The superpotential f G3AQ survives on T 4, /Z^xT 2 /~2. 2 and, as discussed 
in detail in ||, minimizing this superpotential with respect to the complex structure and 
the dilaton-axion we get the background constraints. 

Now to go to the Type I theory we have to make two T-dualities along the T 2 di- 
rections. Under a single T-duality along, say, direction x a , the chiral fermions transform 
as 

v- -»• v- = yg^ r n r a v-, ( 4 - 2 ) 

where Tn is the ten-dimensional chirality operator. The holomorphic three-form in the 
Type I/heterotic theory is then given by 

n = 77l~r 123 77_ dz 1 A dz 2 A dz 3 , (4.3) 
A 2 

where A is the warp factor. Notice, that the coefficient is e~ 2< ^ as shown in 0, as the 
dilaton <f> in the heterotic theory is proportional to the warp factor. We have also taken into 
account, that the gamma matrices in the heterotic theory differ from the corresponding 
gamma matrices in the Type IIB theory by some powers of the warp factor. As discussed 
in and @, even in the presence of the dilaton in O we get 

^O = = a 9m „O, (4.4) 
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and the holomorphic three- form is a non-trivial function only of the complex structure Ty. 
For a specific choice of complex structure, r^- = iSij, we can use (2.35) to show, that O 
satisfies <9fi = 0, i.e it is a 3 closed (3, 0) form with everywhere non- vanishing J Q A O > 0. 
Here O is the complex conjugate of fi. And since O has no zeroes, we cannot multiply it 
with a meromorphic form to get linearly independent forms. Thus O is unique. Existence 
of a unique Q is also consistent with the Bianchi identity of the three-form Ti. The norm 
of O is given in terms of warp factor as 



|0|| = (n 123 n Isg <7Vy 3 



A 



I /| 5|^| 2 + |^ 2 | 2 



(4.5) 



where we have used the inverse of the metric (2.34) and the normalization rf_ri- = 1 for 
the covariantly constant spinors. In fact, we can interpret the norm of the holomorphic 
three-form in terms of torsion classes. Recently it was argued in the context of string 
theory compactifications, that the torsion of an SU(3) structure falls into five different 
classes called Wj, i = 1, ..,5 [|7| and ||. In the classification done by M and H, the Wi 
for our torsional background (2.7) is given by 

[W 3 ] = T ijk , [Wi] © [W 2 ] = 

dA dA ' ( 4 - 6 ) 
[W 5 ] = -2[W 4 ] = a — + & T 

where %jk is the torsion, a, 6 are constants and A is the modified warp factor. If we define 
f(\z\) = 5 1 ^ x | 2 + |z 2 | 2 , then for our case 

a = -4, b=\, A = l + A- 2 /(H). (4.7) 

More detailed analysis of torsion classes can be extracted from [Q. In fact the vanishing 
of Nijenhuis tensor is related to the vanishing of 1,2 torsion classes. 

4-2. Superpotential 

In ten dimensions the low-energy effective action describing M = 1 supergravity cou- 
pled to Super- Yang-Mills theory contains (to leading order in a') a quadratic term in the 
gravitino $ 

AS 10 = J d 10 x^-g^ M Y MNP ^ R )n NPQ . (4.8) 
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Here Y MNp Q R is the anti-symmetrized product of ten-dimensional gamma matrices and 
TC is the heterotic three-form, which in the supergravity approximation is given by Ji = 
dB — a'Qs(A), where A is the one- form potential of the non-abelian two- form and Q3 
describes the Chern Simons form as usual. 

We would like to compactify this interaction on the six-dimensional non-Kahler man- 
ifolds, which were described in the previous sections. In order to derive the form of the 
four-dimensional superpotential, the ten-dimensional Majorana-Weyl gravitino ^ is de- 
composed according to 

# M = ?/V ® ??_ + c.c. + -.. (4.9) 

where i/j^ is the four-dimensional gravitino and r\- is the covariantly constant Weyl spinor 
of the internal manifold. The dots contain terms, that are needed in order to diagonalize 
the kinetic terms of the gravitino on the external and internal spaces. 

Inserting (4.9) into (4.8) and decomposing the ten-dimensional gamma matrices, it is 
easy to see, that there appears a term in the four-dimensional effective action of the form 

AS 4 = J tf^v^VVT^) ■ JhaSI, (4.10) 

where O is the holomorphic (3, 0) form of the internal manifold and 7i describes the internal 
components of the flux. Therefore, in the supergravity approximation the superpotential 
takes the form 

w = In AO, (4.11) 



where we are integrating over the six-dimensional internal manifold. To this order the 
superpotential takes a similar form as the one derived in ]27j for compactifications of 
the heterotic string on a Calabi-Yau three-fold. However, this superpotential is not the 
complete result for manifolds with torsion, as there are higher order contributions to the 
superpotential, which cannot be seen in the previous supergravity approximation. 

One way to proceed to obtain the complete result is by using T-duality arguments, as 
follows. First, dB is basically related to the T-dual of the corresponding R-R form H' in 



the Type IIB theory (we are assuming a vanishing axion field) . This is clearly given in |28 
where they also argue that the NS-NS three-form of the Type IIB theory contributes to the 
spin-connection uj. Such contributions cannot be seen in the supergravity approximation 
previously done. Therefore, besides the obvious contribution from dB, T-duality rules can 
be used to show, that the superpotential receives further contributions from the curvature 
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part living on the Type IIB branes. In fact, a single Type IIB (97-plane and .D7-brane, 
will give, after T-duality a contribution to the Type I superpotential of the form 



1 1 



W x = -e _</> u A dw, (4.12) 

where (j) 1 is the Type I dilaton. However, as we discussed earlier, this is not the complete 
result. Due to the large number of branes and planes (and non-perturbative effects) the 
contribution from the curvature part is a little more involved, than the expression, that 
we get from a single system. The complete result can be written asi 

W 2 = -e~ <p (u Adu + -u Auj Aw), (4.13) 

which in fact using our earlier notation is 03(0;), the Chern- Simons term. At this point 
we should take into account that our background has torsion. This will modify u> to 

< - = -7?, (4-14) 

where T is the torsion. Therefore, if we now take the gauge fields also into account and 
make an S-duality to go to the heterotic theory, we can identify the form of superpotential 

as 

W = [n AO, (4.15) 



where TC is not only given by dB but also contains the Yang-Mills and gravitational Chern- 
Simons terms, as discussed earlier in (2.47). We have also identified the torsion with the 
7i field as in (2.45), and therefore is real and positive definite. However we will soon 
argue that there is another choice of superpotential which is complex and is useful to study 
backgrounds with non-Kahler geometry. The dilaton factor appearing in the holomorphic 
three-form above can be easily seen to appear in the string frame. 

An alternative way to derive the superpotential for the heterotic string on a manifold 
with torsion is to start with the superpotential of the heterotic string compactified on a 
Calabi-Yau three-fold |27[] or equivalently with the superpotential derived in the super- 
gravity approximation (4.11). In this approximation the flux involves the complete Chern- 
Simons term for the gauge field 7i = dB — 0/03 (A). We can now proceed with a similar 



A way to see this would be to look at the gravitational couplings on branes and planes in 



the Type IIB theory [22]. These couplings are distributed in some specific way for the D7- and 
07-planes. As shown in the second reference of [ |22| , this distribution is consistent with the full 
non-perturbative corrections to the brane-plane background. 
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logic as before. The only gauge invariant anomaly free expression for the flux appearing in 
the superpotential, should involve the Cherns- Simons term involving the spin connection 
03(0;), which comes from a higher order term in the heterotic theory and cannot be seen 
in the supergravity approximation. If we now take into account, that our background has 
torsion, then the spin connection gets replaced by the torsional-spin connection u) and we 
obtain the same result for the superpotential, as the one we derived taking the D7-branes 
and 07-branes from the Type IIB theory into account (4.15). 

Comparing (4.15) and (2.47) we see, that TC appears on both sides of (2.47). Therefore, 
we have to solve (2.47) for TC at every order in a' and plug the result into (4.15). First, 
we observe, that dTC contributes an 0(a' 2 ). Secondly, the Chern-Simons term 03(a)) can 
contribute (to a particular order in a') terms linear, quadratic and cubic in TC. Therefore, 
to first order in a' , lowest order in the vielbein e a and to a linear order in TC we recover 
from (2.47) the known relation 

H = dB + a'[n 3 (u) - n 3 (A)} + .... = / + .... (4.16) 

where the dotted terms involve, to a given order in a', the pullback TC as a one-form to 
the right hand side of (2.47). 

The next order is a' is more involved, because we have to solve a differential equation 
to determine the value of TC. We will discuss about this soon. But before we go into the 
details of moduli stabilization we should mention a puzzle. 



(a) A puzzle related to T— duality 



As we had mentioned in the introduction, an independent calculation of the heterotic 



superpotential on manifolds with torsion has been performed by Tripathy and Trivedi [10]. 



The superpotential derived here and the one presented in the second reference of [|10| do 
not look identical at first sight. In our case we see, that since TC in (4.16) is real we obtain a 
real superpotential after inserting TC into our superpotential (4.15), whereas the potential 
obtained by Tripathy and Trivedi is complex. The origin of the complex superpotential in 
their approach can be traced back from the Type IIB (or .M-theory) set-up. From (2.4) we 
see, that the G 3 flux of the Type IIB theory has a real and an imaginary part. The form of 
the superpotential of the heterotic theory can be calculated by performing two T-dualities 
on the Type IIB superpotential. The three-form G 3 has a NS-NS part and a R-R part. The 
Hns part is responsible for the gravitational (and partly) the Yang-Mills Chern-Simons 
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terms on the heterotic side. The Hrr part gives us the three-form dB contribution to 
the superpotential and also contributes to the Yang-Mills Chern-Simons terms. Therefore, 
T-duality rules will give us a complex three- form for the Type I/heterotic theory. 

The resolution to this discrepancy comes from the fact, that the three- form TC defined 
in (2.47) appears on both sides of this equation. Therefore, to obtain the exact form of 
H, we have to solve for 7i in (2.47). The analysis done in (4.16) is only to lowest order in 
a' and linear in 7i. In fact, the background can be complex because, as we will argue in 
the next section, taking all contributions in a' into account gives a cubic equation from 
(2.47), which in general has real and complex roots. This however doesn't mean that the 
heterotic three-form, that satisfies torsional equation and appears in the susy relations, is 
a complex quantity. By heterotic three-form we will always mean the real root of the cubic 
equation. The other two roots, that are complex conjugates of each other, are constructed 
from the real three-form plus a complex twist. For the simplest case (where we only take 
the dependence on the radial modulus into account) the superpotential will look like (for 
simplicity we set a' = 1 here, while in the rest of the paper we will keep track of a') 



where b is a function of t and t is the size parameter of the non-Kahler manifold. The 
constants c mn depend on a'. We have already defined / in (4.16), which contains dB+ 
Chern-Simons terms. In the next few sections we will determine the above summation in 
detaiS In fact, we will give a precise method, by which the generic heterotic superpo- 
tential can be determined to all orders. The simplest form, that we presented above in 
(4.17) is enough, to see how the radial modulus, would get stabilized. The u dependent 
term is responsible for twisting the torus fiber, and the explicit appearance of t in (4.17) 
will fix the radial modulus. We can also see, how various terms in (4.17) are related to the 
corresponding T-dual Type IIB picture. The H^s three- form flux of the Type IIB theory 
is responsible for the spin-connection uj in (4.17) and the dB part of / comes from the 

10 A few points to consider here (more details will appear in the next sections): In the above 
formula for the superpotential (4.17) the terms in the summation are arranged so that f m t n is 
dimensionally the same as /. For example, (as we will see soon) dimensionally the 

same as /. We will explicitly determine the first few terms in (4.17) when m = 0,n = | and 
m = 2, n = — f . The rest of the terms can be easily determined from our general analysis. The ± 
sign in front of (4.17) represents the two possible choices of 7i that we have. 




(4.17) 
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T-dual of Hrr flux f2ql,||10|l. These are exactly the terms appearing in the superpotential 
of the second reference in |l(J. Of course, T-duality rules are approximate and therefore, 
it will be difficult to obtain the complete result for the superpotential derived in this paper 
by using T-duality rules applied to the Type IIB superpotential. Most of the earlier works 
have ignored the gauge fluxes and do not see the Chern-Simons part of the superpotential. 

4-3. Potentials for the Moduli 

In this section we will argue, that many of the moduli for the heterotic compactifica- 
tions are lifted by switching on H fluxesE. We will show this for the particular example 
constructed in ||. The basic strategy of the argument is as follows. 

1. We compactify the heterotic theory on a six manifold, which is given by T /I4 x T 2 
with a vanishing expectation value for the fluxes. The important hodge numbers for our 
manifold are: h 11 = 21 = h . This will determine the Kahler moduli and the complex 
structure moduli respectively. The metric for our manifold is well known and is given in 
terms of flat coordinates. 

2. Now we turn on the three- form fluxes. This will back-react on the geometry by 
"twisting" the fiber torus, so that it is now non-trivially fibred over the T 4 /T 4 baseEl. The 
line element dz 3 of the fiber will change as 

dz 3 -> dz s + 2i z 2 dz l - (4 + 2z) z>dz 2 , (4.18) 

where we are ignoring the irrelevant factor of - appearing in (2.10). The base T 4 /X4 will 
also be changed by the warp factor A. The super symmetry will reduce from M = 2 to 



11 An alternative way to fix moduli are discussed in [29| . Here use have been made of asymmetric 
orientifolds or duality twists to fix the Kahler moduli. It will be interesting to find the connection 
between our approach and theirs. 

12 A somewhat indirect reasoning to see this is the following. We start with the Type IIB theory 
on K?> x T 2 /^2 without any fluxes. T-dualizing twice we get to the Type I on Kd> x T 2 . Now 
on the Type IIB side, after switching on Hns and Hrr fluxes, the geometry gets warped in the 
way shown in Q , Q with no other changes. T-dualizing this configuration twice we get the Type I 
theory on a non-Kahler manifold. Alternatively one could think, that we switch on B fluxes in the 
Type I set-up. To preserve some supersymmetry the background has to be necessarily twisted. 
This is the "back-reaction" of the three-form fluxes on the geometry. In fact, it will soon be clear, 
that the superpotential does incorporate this twisting via the three-form fluxes defined in terms 
of the B fields plus the twist as explained briefly in (4.17). 
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M = 1. As discussed in ]lT| and [33], the fact that G3 is of type (2,1) guarantees, that we 



have at least an M = 1 supersymmetry. However in writing the three-form flux in the Type 
IIB theory as in (2.2), we have ignored two other contributions. First, the (2,0) © (0,2) 
choice of the G-flux in .M-theory and second the localized fluxes. In the presence of any 
(or both) of these contributions we can preserve exactly an = 1 supersymmetry, as we 
would have expected. 

3. The three-from flux will actually change from dB to the value derived in (4.16) 
including higher order corrections. The kinetic term for the heterotic three-form flux, 
J TC A *TC, will give a potential for some of the moduli because it depends, first of all, on 
the complex structure. This comes from the definition of the coordinates dz % = dx % +t ij dyi , 
where x % are the real coordinates and r lJ are the complex structure parameters and 
from the choice of the harmonic forms. Second, due to the presence of the hodge star the 
potential depends on the metric and third, as briefly mentioned in (4.17), on the size t of 
the manifold. Let us illustrate the procedure by an example. 

(a) A toroidal example 

The toroidal compact ificat ion of SO (32) heterotic string broken down to a suitable 
subgroup has a Narain moduli space A^i given by [|30 



, . SO(n, n + 16) , ^ 

Mi = / ' ,,„ ; — r mod T, 4.19 

SO(n) x SO(16 + n) v ' 

where T is the T-duality group SO(n, n + 16, Z). For a generic compactification of the 
heterotic string on a T n , we can illustrate the procedure mentioned above by which the 
moduli pick up masses, when suitable fluxes are switched on. This has been discussed to 
some extent in [[H] . 



The toroidal compactification of the heterotic string to 10 — n dimensions has a gravity 
multiplet and some vector multiplets, that take the form 

(g^B^fanAn) © (n + 16) n(f>), (4.20) 



with a moduli space Ai of dimension [A4] = 1 + n(n + 16). Apart from the dilaton, the 
Kahler moduli and complex structure moduli contribute hn(n + 1), the anti-symmetric 
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tensor contributes hn(n — 1) and the sixteen abelian vectors contribute 16n. The action 
for the moduli fields is given by 

d 10-n 



xy/-ge 



(4.21) 



where the matrix M is given in |3(J. If we denote the scalars coming from the Kahler 
structure and complex structure moduli as <7j, the ones coming from the B field moduli as 
hi and the ones from the vectors as a^, then one can easily identify 



-d„M-d^M 



n(n+l)/2 



16n 



E (W-2^(a 



1=1 



n(n-l)/2 

) 2 - E 

fc=i 



(4.22) 



Observe, that in (4.22) all the scalars are massless, as they should and that the supersym- 
metry is M = 16. 

Let us now switch on fluxes. These fluxes are generically internal and appear on both, 
the Yang-Mills sector as well as the tensor sector. These fluxes take the following concrete 
form 



F a = a a 



n 



mnp Hmnp 



0r, 



(4.23) 



The a fluxes are not arbitrary, but determined in terms of the fluxes (3, because of the 
anomaly relation dhi + tr F a A F a = 0. The reader can extract more details on this from 
||31|| . Also, since we are considering a flat torus, all the curvature polynomials vanish. In 
particular trR A R would be zero. 



d 



In the presence of fluxes the lagrangian takes the form [31 

n(n+l)/2 16n n(n-l)/2 



10-n 



i=l 



3=1 



k=l 



(4.24) 



Here we make the following observations: 

1. The scalars coming from the two form anti-symmetric tensor field and the gauge 
fields have become charged. Therefore, their kinetic terms are given by covariant deriva- 
tives, defined as 

V M 6i = d^bi -Pi-A lt + ... 

where are the Kaluza-Klein gauge fields. 

2. The scalars representing the Kahler structure and complex structure moduli are not 
charged, but a potential V(a) is developed from the kinetic term of the three-form fluxes 



(4.25) 
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7i A *Ti, as well as from the gauge fluxes F a A *F a . The explicit form of the potential is 
given by 

16n 

V = g mm 'g qq 'g pp 'p mqp p m , qlp , + y £ i g mm 'g 9q 'o^ q a^ g ,, (4.26) 

0=1 

where g mp is related to the scalars Oi describing the Kahler and complex structure moduli 
(as these are determined from the metric). In fact (4.26), actually fixes all the complex 
structure moduli and some of the Kahler structure moduli. 

3. As we shall soon see, the above consequences are quite generic. Switching on 
tensor fluxes, would give charges to the scalars coming from the Kaluza-Klein reduction 
of the tensor fields and would give a potential to all the complex structure moduli and 
some of the Kahler moduli. In the toroidal case studied above, the fluxes will also reduce 
the supersymmetry to some smaller value and would convert the T n to some twisted T n . 
This twist can, of course, be explicitly determined, if there exists a Type IIB or .M-theory 
dual of the model following the procedure of ||. In the absence of a Type IIB (or M.- 
theory) dual the procedure to determine the twist is complicated. For n = 6, the case 
is subtle because sometimes, even if there would exist a Type IIB dual, the existence of 
fluxes may become forbidden, if the corresponding four-fold in .M-theory has zero Euler- 
characteristics |J. For other values of n, there are no known obstructions. However, if we 
demand no supersymmetry for our background, then again there would be no obstruction 
for any values of n. 

4. Notice also, that the dilaton moduli remains unfixed by the fluxes. This is in 



contrast to the Type IIB case studied in | IJ, [Q and [Pafl . In the Type IIB examples the 
potential is determined from the kinetic term G3 A *G^, where G3 = H' — (pH. Therefore, 
the dilaton-axion appears explicitly in the potential. For the heterotic theory this is not 
the case. However, as we shall soon see, for the heterotic case the radial modulus can, in 
fact, be fixed at tree level, which was not possible for the Type IIB case. In the later case 
higher order a' corrections have to be taken into account, in order to generate a potential 
for the radial modulus |25[] . 

5. To summarize, the complete action for the heterotic theory in 10 — n dimensions 
with gauge group broken to £7(l) 2n+16 at any generic point will be given by 

j d 10 - n xV=9~e-^ [R + (dcfi) 2 - hi 2 ] + S gauge + S modu ii, (4.27) 

where Sg aU ge is the action for the 16 + 2n gauge fields and S mo duii is the action for the 
moduli fields. 
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(b) Moduli stabilization on the K3 x T 2 manifold 



When heterotic string is compactified on a K3 manifold, the low energy effective theory 
is M = 1 supergravity (8 supercharges) coupled to tensor multiplets, hypermultiplets and 
vector multiplets as 

(<7 MI/ ,B+,V+) © (fl-„,<0- 0) © 20(40, x") © 16(A M ,A+), (4.28) 

where ± denotes the chirality of Weyl spinors in six dimensions (in the subsequent discus- 
sion we shall ignore the fermions), while for the anti-symmetric tensor field this symbol 
indicates, if the field is self-dual or anti-self-dual. The sixteen vector multiplets are the 
contributions of the Cartan subalgebra of the gauge group0. Compactifying further on a 
torus and keeping a generic choice of the ny vector multiplets and nn hypermultiplets in 
four dimensions, we get a massless spectrum with M = 2 supersymmetry (the spinors are 
Majorana) 

(g^A^J © (n v + l)(A M ,20,2A) © n H (40, X ). (4.29) 

The extra vector multiplet can be traced from the six dimensional perspective. This is 
called the vector-tensor multiplet having (0, B^, A M , 2A), where 4> is the dilaton |j3"2| . The 



anti-symmetric tensor is the axion in four dimensions and therefore this multiplet can be 
identified to be an abelian vector multiplet. As discussed in |3^], the off-shell structure of 



this multiplet differs from that of the vector multiplet by the presence of a central charge, 
which vanishes on-shell. Furthermore, the axion-dilaton has a continuous Peccei-Quinn 
symmetry, which helps to determine the tree-level prepotential for all heterotic vacua. 
The loop corrections are severely restricted accordingly. We shall denote the axion-dilaton 
by t = a — ie~^. As before, the action for the moduli is given by 



i—l 



(4.30) 



13 For the E$ X Eg heterotic string on K3, if we set the gauge connection to the SU(2) spin 
connection, then the lOd Yang-Mills multiplet will contribute 

[(133,1) + (1,248)](A M ,A+) [10(56,1)+ 45(1, 1)](40, X ~), 

to the massless spectrum in six dimensions, where the terms in the bracket are the representations 
of the unbroken gauge group £7 x Eg. The ten-dimensional gravity multiplet will contribute in 
the same way as before. 
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where z % are the complex scalars in the vector multiplets and the scalars a a are the scalars 
in the hypermultiplets, with h a & as the metric on the moduli space. In fact, for our 
case when Df is broken to £7(1) 16 , we can easily check, that ny = 16, a = 1, ....,21. Of 
course , not all the scalars in the hypermultiplet are related to the Kahler moduli and 
complex structure moduli of the six manifold K3 x T 2 , as 22 of these scalars come from 
the anti-symmetric tensor. The moduli fields of the vector multiplets are contained in 
the M, appearing in (4.21). However, since the instanton number is constrained to be 
24, the numbers of vectors and hypers depends on this constraint. The moduli space of 
hypermultiplets Aiu is a sub manifold spanned by the moduli of the K3 surface M.k?> and 
the moduli space of vector multiplets A4y which, along with r, span a special Kahler 
manifold. These moduli spaces are given respectively by |33| , [p2 j 



SO(4,20) _ 517(1,1) 50(2, ny) 

Mk3 ~ SO(4)xSO(20y Mv ~ -UQT U{1) x SO(nv)' (431) 

where the r spans the moduli space ^j^jp-- More details on the moduli space structure 
are given in [[31]. 

Let us now switch on a three-form flux, which breaks the space-time supersymmetry 
to TV = 1, and would convert the six-dimensional manifold K3 x T 2 to the non-Kahler 
complex manifold discussed in ||. The three- form flux takes the form 

fi-21 

H = a + X i + c.c, (4.32) 

i=l 

where O is the holomorphic (3,0) form and Xi are the (2,1) forms of the internal manifold. 
Observe, that the background three-form flux, that we switched on ignores the Chern- 
Simons contribution, and therefore it is related to the dB part of TC. For the subsequent 
discussion this doesn't affect much. We have also kept the background gauge fluxes to be 
zero for simplicity. Switching on the above three-form flux, the story should be the same 
as discussed earlier. The action for the moduli field will become 



n v + l 22 61 



G i jd fJi Z i d* l Z j - KbV„(T a V^a b + £ h cd d M a c W a d '-V (a) 



i=l a, 6=1 c,d=l 



, (4.33) 



where we have combined the scalars r and z l into Z l and defined a metric Gij accordingly. 
The components of the metric can be easily ascertained from (4.30). Let us summarize 
the situation. 
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1. Some of the scalars of the hypermultiplet have become charged in the presence of 
the background fluxes. In fact, these scalars are precisely obtained by the dimensional 
reduction of the anti-symmetric two-form. The covariant derivatives for these scalars are 
defined with respect to before. 

2. The scalars from the vector multiplet and the vector-tensor multiplet will remain 
massless, as we are not switching on the gauge fluxes. In the presence of gauge fluxes these 
scalars would also be charged. 

3. Some of the scalars in the hypermultiplet, which come from the Kahler and complex 
structure of the six-manifold, will develop a potential V from the kinetic term of the three- 
form flux, written in terms of complex coordinates as J TC A *7Y. From the above choice of 



the three-form (4.32), the potential can be written explicitly as ||34|1 , ||35|1 , jll 



V 



21m r (/OA Q)' 



fMfi J 7YAO J HAQ + J x l ^X J J WAXi f HAXj 



. (4.34) 



The reason why this would fix some of the scalars in the hypermultiplet is, because the 
complex structure appears implicitly in writing the harmonic forms Q and Xi when we 
decompose the three-forms in terms of /i2i harmonic forms. This implies, that all the 
complex structure moduli will get fixed in the process. Fixing the radius moduli is however 
subtle, as we shall discuss in the next section. 

4. Observe, that even though we turn on the gauge fluxes, making the scalars in the 
gauge multiplet charged, we cannot give a potential to the axion-dilaton r. Hence, in this 
setup the axion-dilaton remains unfixed. Also, as we mentioned briefly at the beginning 
of the section, the presence of the B field twists the fiber. To preserve supersymmetry 
this is a consistent operation. However, this effect of the twisting should also be apparent 
from the form of superpotential, that we have in the heterotic theory. In fact, there is an 
additive term to the superpotential, that is proportional to the twisting, which does the 
job. This additive term is directly correlated with the existence of a complex contribution 
to the superpotential. We will discuss about this issue, when we determine the complete 
superpotential for the heterotic theory in the next section. This additive term in the 
superpotential is responsible for fixing some of the Kahler structure moduli. Therefore, 
to summarize the total number of moduli, that we could fix are the 22 scalars in the 
hypermultiplets, that become charged and the 21 complex structure moduli. Some Kahler 
moduli and the overall radial modulus also get stabilized. 
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4-4- Radial Modulus 

In Type IIB compactifications with fluxes the condition for unbroken supersymmetry 
is, that the flux G3 should be a (2,1) form and that the (3,0), (0,3) and (1,2) parts should 
vanish. This requirement allows us to fix all the complex structure moduli and in some 
special cases some of the Kahler moduli. The condition that G3 is a (2,1) form can be 
recast in the form 

J a G 3 = 0, (4.35) 



which means that G3 is a primitive form. As discussed in ||11|1 , a rescaling the metric or 
the fundamental form as 

J -> U, 

leaves the primitivity condition invariant and therefore the radial modulus will remain a 
free parameter, at least at the tree level. Therefore, the superpotential determines all the 
complex structure moduli and some of the Kahler structure moduli but not the radial 
modulus. 

Making two T-dualities and an S-duality we go to the heterotic picture. On the 
heterotic side many of the Type IIB moduli have a different interpretation. Therefore, it 
is not surprising, that some moduli that remain unfixed in the Type IIB theory might be 
fixed in the heterotic setup. In this section we will argue, that the radial modulus can 
actually be determined in heterotic compactifications with torsion. Below we will give two 
reasons, that support this claim. 

First, in the infinite radius limit the internal manifold cannot support the non- 
vanishing fluxes anymore and this leads to a contradiction. Indeed, imagine that the 
radius of the internal manifold could become arbitrarily large. In this limit the constant 
fluxes tend to vanish. In fact, from the choice of flux densities in (2.10), we see that as 

v -> 00, A -> and B -> 0, (4.36) 

even though the total flux integral is still non-zero. Therefore, the contribution to the 
total flux has to come from its localized part. In the large radius limit the fixed points go 
to infinity, but the fluxes in (2.60) still remain non-zero. From the warp factor equation 
(2.15) we see, that in the limit (4.36) the warp factor tends to be a constant 

A - y/To, (4.37) 
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implying that the manifold is just a product T^/Z^ x T 2 . In this limit the torus is no 
longer non-trivially fibred over the base. Using now the torsional constraints (2.78), this 
would imply A AF = 0, which is a contradiction because we have just shown, that localized 
sources survive in the large radius limit. 

A second reason of why the radial modulus should be stabilized uses the torsional 
equation, which relates the background three-form field Ti to the two-form J as 

H = i(d-B)J. (4.38) 

We would like to see, how the left hand side of this equation transforms under J — > tJ, i.e. 
we would like to study the behavior of Ti in (2.47) under this transformation. Defining 

H = He- 2 = H ljk e aj e b \ 

one can easily show, that the Chern-Simons term related to the torsional-spin connection 
Cj is given by 

n 3 (u) = fi 3 M + \to*{H) -^A^+HA UJ), (4.39) 
where we define Vt^{7i) in somewhat similar way as Q^(A) or Q^(to): 

n 3 (H) = HAdH--HAHAH. 
3 

The quantity TLa is the curvature polynomial due to the torsion and is defined as 

Hfi = dH--HA n, 

o 

whereas IZ^ differs from the usual curvature polynomial by -|uAw. In fact, we can write 
(4.39) in a more compact form as 

n 8 (£5) = (u- \h) {n u - i^), (4.40) 

with the curvature polynomials defined above0. 



14 In this form it is instructive to compare with the other choice of torsional-spin connection u> 

n 3 (w) = (to + (k„ + + l -n a nj , 

which differs from (4.40) in relative signs and an additional term. As discussed before, for some 
purposes we need ui and for others to. In fact, for deriving the torsional equations we need the 
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From the above analysis it is easy to infer, what the background torsion is. If we 
concentrate only to the lowest order in a' and linear order in Ti, the three-form background 
is given by 

H = dB(l- Y U " e ~ 2 ) + «'[°3M - 3 (A)] + 0(a' 2 ). (4.41) 

Comparing (4.38) and (4.41) it is easy to see, that J — > tJ is no longer a symmetry. Indeed, 
the two sides of (4.41) transform as 



U^tU and K^e' 2 -> t _1 7J t „e" 2 . 

Observe that in (4.41) the term involving TZ^e is rank zero. To the same order in 7i we 
have ignored — ^-u> A d7i, which could also contribute. But since dH ~ O(a') this term is 
irrelevant. 

Since the terms in (4.41) scale differently under rescaling of the metric we conclude, 
that there must exist an upper limit for the size of the torsional manifold. To all orders in 
7i and a' the equation, that we need to solve is 



n + 



a 



uj A + H A IZu - -H A 



dB + a'[fl 3 (oj) - Q 3 (A)}. 



(4.42) 



connection u5, as this is more appropriate (see section 2.4). However, for the time being we take 
the connection u, as this appears in the anomaly relation. We shall point out the consequence 
of the ± ambiguity in the connection later on, but one immediate thing to notice appears from 
comparing (4.39) with (2.51). In fact, we see, that when we shift the ambiguity in the connection 
into a redefinition of the two- form B, the three- form could be written completely in terms of the 
gauge fields A and the affine-connection u without recourse to any torsional-connection. Calling 
the shifted field strength of the B field in (2.51) as hijk, we can easily confirm 

Ti = h + a[Q.z{uj) — £lz(A)] + covariant terms. 



These covariant terms can be determined directly from (4.39) and are globally defined, whereas 
the spin connection uj and gauge fields A have to be defined on patches. This clearly tells us, that 
for any given four-cycle C, the constraint 



J dn = a J [dn 3 (u) - <m 3 (A)] = o, 



which leads to (2.52), is defined with respect to either of the connections to, oj or uj and is therefore 
unambiguous. 
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From the above two reasons we find, that the radial modulus can in fact be controlled 
in this setup. As a result, there should be a potential for this modulus. This potential 
would follow from the form of the Lagrangian, after taking the non-vanishing fluxes into 
account. This Lagrangian involves the conventional Einstein term coupled to the kinetic 
term for the flux. After expanding the Einstein term the action takes the form 

j ^feTg g- 1 [d(g- 1 dg)+g- 2 {dg) 2 } + J ^Tg g~ 3 TC 2 , (4.43) 

where we integrate over the compact non-Kahler six-manifold. In this form, the Lagrangian 
will be invariant under g — > tg, if we also set TC = dB, implying that the radial modulus 
does not receive a potential. This is what usually happens. However, as we have seen in 
the previous sections TC is no longer dB, but is given by (4.41). Does this give a potential 
to the radial modulus? 

It turns out, that to the order in (4.41), this fails to give a potential for the radial 
modulus. To see this, let us denote the radius by t and write locally the metric components 
as 9^u = t n^ u , where \i, v span the six compact directions. The first terms in (4.43) give 
us the kinetic term for t, i.e <9 M t d^t. The spin connection one-form uj scales as t~ 1 dt. 
Therefore, to lowest order in a' and linear order in TC, the TC term does not give a potential 
for the radius. In order to get a non- vanishing potential, we will have to consider the exact 
equation for TC, given by (4.42). 

The reason of why the above argument failed is, that to the approximation taken in 
(4.41) all terms besides TC contain either uj or TZ W and therefore involve derivatives of t. 
But we also have terms cubic in TC, which originate from the third term in the bracket on 
the left hand side of (4.42), so that this equation becomes 

a' ~ 

TC + —TC ATCATC + ... = dB + a'[n 3 (u) - Q 3 (A)], (4.44) 

where . . . represent the uj dependent terms. We can write the above equation as a cubic 
equation for TC 

TC 3 + aTC + b = 0. (4.45) 

The variables a, b can be determined from (4.44). In general, the equation (4.45) is not 
a typical cubic equation, because TC defined above are forms on a manifold and not real 
numberslll. Therefore, let us first take a simple situation, which can convert (4.45) into a 

15 The precise value of the cubic wedge products of TC can be shown to be equal to 

TC A TC A TC = TCf TCf H e k f Tr(M ab M cd M e/ ) dx l A dx 3 A dx k , 
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cubic equation with real variables. For the present purpose, this will suffice to clarify the 
basic ideas involved here. We will soon generalize this to our six dimensional non-Kahler 
manifold. 



(a) A simple toy example 

Let us choose a background, that can convert equation (4.45) into a simple cubic 
equation in terms of functions and not forms. The simplest background will be 

H ljk = hC ljk , e ai = t l ' 2 e° ai and e° • e° = rj, (4.46) 

where Cijk is an antisymetric in six dimensions, e a i are the vielbeins and r\ = rjij is the flat 
metric. The size of the six manifold is given by t, as defined earlier. We will also assume, 
that the only non-zero component of 7i is 7Y 12 3 = h. It is easy to see, that (4.45) becomes 
a simple cubic equation 

h s + ph + q = with p,qeTR, (4.47) 

where p, q are given below. The solution to this equation is well known using Vieta's 
substitutional. Observe, that for simplicity we have ignored all u dependent terms and 
0(a' 2 ) terms appearing in (4.42). To leading order in a' the presence of u would induce 
quadratic and linear terms in TC in the previous equation. This does not change the 
analysis, that we perform here, because any generic cubic equation can always be brought 



where the one form ii^ b = — 7^° = 7iijke az e bk and M ab are the tensors of the holonomy group 
of the manifold. As can be seen this doesn't vanish generically and therefore gives rise to a 
cubic equation as (4.45). The one form 7l!" b shares similar properties with the spin connection 



, , , „aj A>k 



16 Define 7i = w— ^ and substitute it in (4.45). The equation will become a quadratic equation 
in w 3 = A, given by A 2 + gA— |y = 0, whose solutions are w 3 = \ ^ — q± \J q 2 + • Calling these 
roots as 5±, w can be written as w = d±(l,uj, u> 2 ), where u) is the cube-root of unity. The solutions 
are therefore 5+ + 5- , 8+lu + 5-lu 2 and 8+lu 2 + 5—OJ. This is Cardan's solution for a cubic equation. 
For a generic cubic equation of the form h 3 -\-a2h 2 + a±h + ao = 0, we can define h = y— In this 
form the equation looks in the same way as (4.47) with p = a\ — and q = |(3ao — 0102) + 

Calling the roots as cti, we get: a« = —02, ^2 otiOij = 01, OiOjak = — ao- Observe also, 

3 2 

that since |= + ^- > 0, we have one real root and pair of complex conjugate roots. 
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to the form (4.45) with additive contributions to p, q. For the simplest case we can specify 
p, q as 

P~±^7> and (dB + a'n 3 (uj)-a'n 3 (A)) abc = fe abc , (4.48) 

where the sign ambiguity reflects the sign ambiguity in the torsional-spin connection, 
u =F \H, i.e the choice of either uj or cD in terms of earlier notations. The reader might be 
concerned by the fact, that since (4.44) involves wedge products, it will be difficult to get a 
simple cubic equation. But it is easy to see, that all the other factors due to wedging can 
be absorbed into the definition of p and q and therefore, we can express (4.44) as a cubic 
equation in h with p, q proportional to (4.48), as we are not very concerned about precise 
factors. Nevertheless, the exact factors appearing here can be worked out easily. In this 
section we take a simple example, where the background is just TCi 23 . This implies 

Uf = H la pe aa e bf3 = 2h C 123 e 2[a e b]3 = 2t~ l hC 123 e 2 Q [a ef = t^haf, (4.49) 

where af = -a\ a = 2C 123 el [a e b J S and e ai = t~h™. We have also defined the anti- 
symmetrization between a, b as [...], as usual. The above formula can easily be generalized 
to the case, in which other components of Ti are turned on and not all C are equal. Some 
aspects of this will be dealt with in the next sub-section. We are also using complex 
coordinates, but it is easy to infer the corresponding case with real coordinates. Similarly 
to the above equation we can obtain the other components of Hf l '. 

Uf = 2h C 231 e 3 ^e d ^ = t~ 1 ha c 2 d and = t' 1 ha e j . (4.50) 

Now we can determine the cubic wedge product between the 7i's, using the result of the 
earlier footnote. We again use M ab as the tensors of the holonomy group of the manifold. 
The result will be 

[ft AH AH] 12 - 3 = t~ 3 h 3 af afaf Tt(M ab M cd M ef ) =t~ 3 h 3 Q, (4.51) 

where Q is an integer determined in terms of ai and M in an obvious way. In general, 
Q is a non-zero integer and for the analysis done in this sub-section and the next one, we 
shall normalize Q to 1 by defining variables appropriately. This will not alter any of our 
results because we only require the form of the moduli and not the precise factors. (Later 
we will consider the case when Q vanishes.) From here the set of equations (4.48) can be 
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derived. To determine the solution for a cubic equation, we define, as usual, two variables 
A and B as 

1/3 




^=i-|+Vt + £J and B = {-\-\r-T + ^\ ■ (^2) 

where p, q have been introduced above. Observe, that if p — > oo, q — > oo, g/p = constant, 
we recover the situation, where no torsion is switched on. This implies, that expanding 
in 1/p is a legitimate thing to do (we will give further justification later). In fact, for the 
limit mentioned above we get h ~ —q/p, which is a reasonable estimate in the absence 
of torsion, because this implies H = dB + O(a'). Therefore, the solution of the cubic 
equation for H (4.45) will be typically 

, „ A + B VS(A-B) , A + B VS(A-B) lA , 
A + B, + ^ an d ____ Z ^A_ ^ (4.53) 

giving two complex and one real solution. 

This by itself is interesting, because it implies, that we can actually have a complex 
three-form in the heterotic string theory. This means, that the superpotential written in 
terms of jHAfl can have a complex part and this is precisely, what we have been looking 
for, when we mentioned the apparent i-puzzle in an earlier section. To see, whether the 
present solution is related to the solution obtained by performing T-dualities from a Type 
IIB background, we have to study the set of solutions (4.53) carefully. Let us define a 
quantity 

s = \A + z 2 — 1 with 



'27g 5 



,3 



Ap 

where z is a small quantity and therefore s can be expanded in powers of z. We can express 
A and B in terms of these variables as 

A = a(l + s - z) 1/3 and B = -a(l + s + z) 1/3 , (4.54) 

where a = y/p/S. Expanding the above relations in powers of 1/p, we can determine the 
solutions of (4.53) order by order. The solutions we obtain are 

2az Aasz 10az 3 10as 2 z 80as 3 z 
+ = ~~ + _ 9 81 27" + 243 + '"' {A 55) 

A „ 2as 2a(s 2 + z 2 ) 10as(s 2 + 3z 2 ) 
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What we need to know is, how the background three-form field 7i 12 s = h depends on the 
size t of the six-manifold. For the real solution we get 

a'f 3 

h = f --£- + .... (4.56) 

Comparing with (4.48) we see, that to the lowest order in a' this is exactly, what we 
expect. Observe also that, for the usual case where is the radius is not fixed — due to 



Dine-Seiberg runaway problem [T^]— the radius will tend to go to infinity and therefore 
h — > f. Therefore this three- form h is the real three- form of the heterotic theory that 
satisfies the torsional equations and appear in the anomaly and susy relations. The other 
two complex solutions are 

These solutions do not satisfy the torsional equations because they are complex, but are 
anomaly free and gauge invariant. The real part of them are proportional to the usual 
heterotic three-form and the complex part provide the necessary twist to change the topol- 
ogy of our space from b\ = 2 to b\ = (this will be more apparent when we will also 
include the spin-connection uj later in the section) . This is a non-trivial constraint because 
by switching on a supergravity three-form we cannot change the topology of any space. 
Therefore we need some twist. This is precisely provided by our choice of the complex 
three-form! Thus, for the connection, that is relevant for the physics of non-Kahler man- 
ifolds, the background three-form should be real and complex. As seen from the analysis 



of [28], T-duality rules actually chooses the complex three-form. 

It now remains to see, what the potential for the radial modulus in our toy model is. 
We shall choose the complex h in (4.57). It is easy to check, that the resulting potential 
takes the form 

Vit) = ^ 1I <7 2 V 3 ^123 ^123 = + 0(t~ n ), (4.58) 

cr 

where the metric components appearing above have been scaled by t, i.e. g — > tg. It can 
also be checked, that the real parts of (4.57) always contribute a potential of order 0(t~ n ), 
where n is an even integer. In fact, the only positive power of t comes from the second 
term of (4.57). Therefore, we can now express the action for the radial modulus as 

t 3 

C = d„tdH + — + ..., (4.59) 
a' 
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implying, that the size of the six- manifold is determined by the scale a', appearing in the 
anomaly relation. We will give an estimate for the size of the six-manifold soon. But 
first we need to see, whether we can extend the above calculations to the realistic case of 
non-Kahler manifolds. 

(b) Extension to non — Kahler manifolds 

From the above analysis we concluded, that the size of the six-manifold can indeed be 
stabilized by a potential generated by the complex three-form flux. However, the model 
discussed above is not realistic, since we have chosen very simple fluxes. In this section we 
will consider the extension of the above analysis to non-Kahler six-dimensional manifolds. 

The first difficulty we find, when dealing with the background (2.7) is, that 7i has 
many components. Thus, when we consider the equation (4.44) we have to be careful with 
the wedge products involved. As a consequence 7i will also be more complicated. In the 
toy example Iri was simply proportional to t~ 1 h, because only one component Ti = 7i 12 3 
was non-vanishing. 

From (2.7) we can see that the possible components of H are 

7ij23 = hi C l2 3 and H 12 3 = h 2 C 12 ^ (4.60) 

and their complex conjugates, which we denote as /13 and /14 respectively. In the analysis 
below we shall ignore the spin connection dependent terms, as they do not change the form 
of the cubic equation. The one- form Hf b ', for example, can be shown to be proportional to 

Hi = Hf = ni jk e ja e kb = t-\af hi + (3f b h 4 ), 

(4.61) 

n 2 = t-\af hi + pf h 4 ), n- 3 = t~ 1 (af hi + pf h 2 ), 

where a" b , (3f b are constants, whose exact form can be determined from the vielbeins. 
Due to (4.61) the cubic equation will be far more complicated, than the one discussed 
before. For simplicity we shall assume all components of dB + O(a') to be proportional to 
a function /, as before. We will show later, that this simplification does not substantially 
affect the results. We will also concentrate mainly on the lowest order in a'. The generic 
cubic equation for the H123 component of the three-form is 

hf + mh\ +nh 1 + s = 1 (4.62) 
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where m, n, s depend on /i 4 , h 2 , t and a'. These are identified as 

ft 3 \ ( ft 3 
m = (ah 2 + bh 4 ), n = ( h 0/14/12 + dh\ ) and s = ( h eh\h 2 

where a, 6, ... are integers. These expressions can be easily determined, but for the analysis 
below we do not need the explicit form for these constants. 

The equation above can now be written as (4.47) by using the shift technique for cubic 
equations. If we identify hi with h — m/3, then the p, q variables appearing in (4.47) can 
be given in terms of m, n and s as 

m 2 t 3 ran 2m 3 ft 3 ^ 

p = n- — = — + B and q = s — + — — = + D, (4.63) 

3 a' 3 27 cr 

where B, D are independent of ct . 

This is very important because it immediately implies, that to lowest order in a' the 

solution given in (4.55), (4.56) and (4.57) is still satisfied! Thus every component of H, 

is proportional to the already determined solutions in (4.56) and (4.57). Therefore, we 

expect a similar potential for the radial modulus in the most generic case as well. This 

completes the argumentlll. 

(c) The Q = case 

So far we have discussed the case, when the cubic contribution 7i 3 is non-zero. This 
is the usual case for some choices of holonomies. However, we could also have situations 
for which 

Q = a f af a e J Tt(M ab M cd M ef ) = 0. (4.64) 

In this case, the cubic equation simplifies very much and to lowest order in a' we have 
h = —q/p. In fact, the relations for the Chern-Simons form will change to a much simpler 
relation between the spin-connection uj and the background three-form H as 

SI3 = u A du, 

(4.65) 

0,3(0) = A dO, 



17 The higher order terms are more involved and the simple analysis that we presented here 
gets modified. However we still expect to see similar behavior for all orders because the scaling 
arguments that we presented earlier continue to hold at every order and therefore the radial mod- 
ulus gets fixed at any arbitrary order. We have not demonstrated this because the mathematics, 
though straightforward, becomes very involved at higher orders in a' . We hope to tackle this is 
future. 
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where now comparing to the earlier expressions of O3 we see that the forms are similar (in 
the usual case the form of 03(a)) differs from 03(0;)). 

Let us consider now a simpler situation in which we ignore the spin connection uj. In 
this case, we can show that the three-form equation will eventually be 



a'-. 



H - —n A dTL = /, (4.66) 

where / is defined as before, but in this case it has no u dependence. A brief reflection 
shows us, that this case is more complicated, than the Q 7^ case. Of course, to the zeroth 
order in a' we simply obtain H. = f, which is the real root obtained earlier. Having Q = 
means, that there are no terms of order a' and therefore the next non-trivial equation is 
of order a' 2 . This is simply because (2.47) takes now the form 



dH = a 



du A du - du A dH + -dH A dH - tr F A F 

4 



(4.67) 



This makes the situation a little involved and therefore (4.66) can only be solved iteratively. 
However, in the next sections we will not consider this case. To the zeroth order it is clear, 
that the only root is the real one and the second Chern class for the gauge bundle satisfies 
02(F) = f du A du. It is also clear, that even for this case the radius would be stabilized, 
because from (4.67) we see, that the left hand side scales as t, whereas the right hand side 
scales as a t _1 + b t -2 , where a, b can be easily ascertained from (4.67)0. 

(d) Superpotential for the heterotic theory and radius of the six manifold 

In the above sections we argued, how a complex three-form could arise in the heterotic 
theory. In this section we would like to compare the superpotential, that we get from this 
setup to the superpotential obtained by doing U-dualities from the Type IIB theory. In 
order to do this, we must first incorporate back the spin connection uj into the calculations. 

The main equation, which takes into account all the variables has already been spelled 
out in (4.42). Let us concentrate on the component hi for the time being. Using the earlier 



18 Furthermore in (4.67) we see that even though u> term fails to give a potential (discussed 
earlier in 4.4 (a)) the term with d!H could in principle be responsible for the potential. We will 
address this issue in more detail elsewhere. 
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definitions, we can show, that the cubic equation, that we get at this stage is the same as 
(4.62) with 77i, n, s defined as 

t 3 ft 3 

m = ai + a2U>, n = a^u + a^duj + uj 2 ) +a$ and s = \-0(u A ), (4.68) 

a a' 

where u is the one- form spin connection w™ & and Oj are constants independent of a'. We 
can now define the shift (3 in hi = h — (3 as (3 = 3(01 + a2U>). This results, as before, in a 
cubic equation of the form (4.47) with p and q given by 



t 3 



p = — + A u + 0(u" 



a 



ft 



3 



(4.69) 



r + B u + 0(u 2 ), 



a 



where the a' dependence is shown explicitly and A and B can be determined from (4.68). 
All the arguments dealt in the earlier sub-sections will go through without any subtlety. 
In particular A ± B are defined as usual and from there we can extract the three-form h\ 
explicitly. The superpotential will now have the generic form, to lowest order in a' 

W = ±J(f + ibu+ ^c mn / m r)AO, (4.70) 

m,n 6 Z/2 

where b depends on t in some specific way (the detailed dependence is not very important 
for our present purpose) and c mn are constants that depend on a' .111 Comparing the U- 
duality results of [^8| we can see, that this form of the superpotential is what we expect, at 
least to this order. The shift of the superpotential proportional to the spin connection uj 
is, what is responsible for the twisting, as we mentioned earlier. This aspect has also been 



pointed out in [pSJ and also in the second reference of [|10|], where the detailed derivation 
of the superpotential using T-duality rules for the heterotic theory is given to the lowest 
order in a' . The higher powers of t terms in the superpotential are responsible for fixing 



19 There is yet another real contribution to the superpotential which appears from the heterotic 



gauge field F as FAJAJ where J is the fundamental two form for the manifold [36|. This is distinct 
from 03(A) A fl where 03(A) is the gauge Chern-Simons term. This term will be responsible for 
generating the Donaldson-Uhlenbeck-Yau kind of equations for gauge bundles. Furthermore the 



above choice of superpotential does indeed reproduce the torsional equations as is shown in [36). 
More details on the superpotential and how to see the masses of the KK monoples etc will be 
addressed in part II of this paper. 
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the radial modulus of our manifold, as we show below. Therefore, to all orders in a' the 
superpotential will have the generic form W = ± J H A O, with Ti. given by 

n= b mnpq a' m f n (-tr^, (4.71) 

m,n,p,q 6 2/2 

where /, t, uj are arranged (for every term) so that they are dimensionally same as / as 
we saw before and b mnpq are constants. To obtain these terms from the Type IIB theory 
using T-duality, we need to look for higher order corrections to the T-duality rules. It will 
be interesting to do this, but this is at present beyond the scope of this work. 

Finally, we should use all the results derived above, to estimate the radius of our 
six-manifold. Again, we will concentrate only to the lowest order in a'. The potential for 
the generic case is the same as discussed in (4.59) except, that for our purpose we need to 
go to higher orders in t. We can write the potential as 

vm = t i + h^f + ° (a ' 2) < <4 - 72) 

which is basically derived from (4.55), by keeping terms to order z 2 . Recall also, that 
we are taking the superpotential as in (4.70). Minimizing V(t) with respect to t, gives 
an estimate of the radius of the six-dimensional non-Kahler manifold. We can write this 
explicitly as 

«=(*W, (4.73) 



where / is defined in (4.48). Observe also that, since |/| can be determined directly from 
(2.7), one can numerically estimate the radius t of our manifold. 

Before closing this section let us tie some loose ends. In deriving the radius for our 
manifold, we have expanded functions with respect to the quantity 1/p, where p is defined 
in (4.48). From (4.73) we see, that this is possible, if the flux density f is large (with a 
total constant flux). Therefore, we need the radius t to be fixed but large. The limit of 
fixed but large enough radius is also consistent with the supergravity description. In fact, 
in the analysis done in section 3.1 of H, we imposed 

g ( £ t ^0, and V het »l, (4.74) 

in order to have a valid supergravity description. Here g^ t is the four dimensional heterotic 
coupling and Vhet is the volume of the six-manifold. However, from (2.10) the reader may 
wonder, whether such choice is generically possible, because of the radius stabilization. 
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But since all Kahler moduli are not fixed by our fluxes, we can constrain the volume of 
four-cycles in the original .M-theory picture to be small. Further investigations on this 
matter will be presented elsewhere. 

There is yet another reason to have a large but finite radius. The vanishing of the 
gaugino and the gravitino supersymmetry transformations (in the notations of equation 
4.29 of @) implies that 

V M (5) e = = F A %r MAr e, (4.75) 

converting (2.29) to the light-cone RNS (0,1) non-linear sigma model. This identification is 
precise only, when dTi = 0. However, we do not have this situation and therefore, we require 
the corrections to the set of equations (4.75) to be small. This is possible, if t 2 /a' becomes 
sufficiently large. The above equation (4.75) can also be viewed as the condition under 
which (2.29) is invariant under world-sheet supersymmetry transformations on X 1 , S p . 
Therefore, when we identify (2.29) with the (0,1) sigma modeltransformations, we are 
also inherently assuming, that the corrections are small. Notice also, that the connection 
appearing in (4.75) is cD and therefore, the fact that the two-form is covariantly constant, 
is with respect to this connection. This aspect has been briefly alluded to in the earlier 
sections and discussed in much detail in a series of papers by Hull || . Furthermore, having 
dH 7^ also means that we have the identity 

- Rabcd(ti) — Rcdab(£) =7^[a6c,d]7 (4.76) 

implying a non-zero two-loop contribution to the trace anomalies^. Again, if t 2 /a' is 



large, this contribution becomes small [37]. A non-vanishing Riemann tensor in (4.76) 
can again contribute to the beta function at two-loop order. This contribution has been 
calculated in many earlier works and is shown to be proportional to R a bcdR abcd — F a i>F ab . 
This would obviously cancel under the usual embedding of the spin connection into the 
gauge connection. For our case, we can argue, that this is suppressed, if the radius t is 
large. More details on this and phenomenological implications of large but finite radius 
will be explored in an upcoming paper |2(| . 



20 Recall, that the Ricci tensor is R a b = R c ac b(&) with respect to the connection Q. Being 
non-zero and finite, this contributes to the trace anomalies. 
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5. Discussions 

In this paper we studied in detail the geometrical and topological properties of non- 
Kahler manifolds of the form (2.7) and a large class of generalizations thereof. As we 
showed, these manifolds in general have zero Euler characteristics and also zero first Chern 
class. For the background studied earlier in ||, the complete topological properties were 
determined. The torsional metric in the presence and absence of gauge fields has been 
worked out and was shown in both cases to satisfy the torsional equations imposed by su- 
persymmetry. In section 3 more general examples of non-Kahler manifolds were found and 
their mathematical properties determined. All these examples are compact and complex. 
In section 4 we determined the superpotential for compactifications of the heterotic string 
on such non-Kahler manifolds. We showed, that many of the moduli fields of these het- 
erotic compactifications can be stabilized, once the 7^-fluxes are turned on. In particular, 
we have computed the potential for the radial modulus and showed, that the value of this 
field can be determined. 

5.1. Related Examples of non-Kahler Manifolds 

Recently there have been some more examples of these manifolds discussed in the 
literature. One particular interesting one is the Iwasawa manifold first discussed in this 
context by Strominger and more recently discussed in more detail by Cardoso et. al M. 
In fact, this example follows directly from the generic construction that we gave in section 
3. The Iwasawa manifold is a principle torus bundle over a torus constructed from a set 
of 3 x 3 matrices with complex entries 

f \ a b\ 

(5.1) 

and is therefore, a complex manifold. As discussed in [|1] and [[7], if we restrict this to 
integers m, n, p and induce the action: 

a — > a + m, b — > b + cm + n, c^c + p, (5-2) 

then, we get a smooth manifold called the Iwasawa manifold. Therefore, the complete 
properties of heterotic string compactifications on the Iwasawa manifold can be determined. 
The background geometry is 

ds 2 = dzdz + dvdv + \du — zdv\ 2 , = c G , x = 0, 

1 (5-3) 
H = —-(du — zdv) A dz Adv + c.c, { fej = (1,4,8,10,8,4,1), 
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with the anomaly condition dJi = — tr F A F, solved with just an abelian gauge field con- 
figuration. The reader can extract more details on this from |7j . It will also be interesting 
to see, whether the Iwasawa manifold can appear from a four-fold in .M-theory in the same 
way as in [|J, ||. It is clear, that the naive identification of the four-fold as T 4 /Z4 x T 4 
cannot work because of two obvious reasons: 

(a) The Euler characteristics of this four-fold is zero and therefore cannot support fluxes, 
as the anomaly constraints will prohibit it ||. 

(b) The choice of T /I4 will tell us, that on the Type I side we should always have 
three-forms, that have one leg along the z 3 or z 3 direction. From the explicit background 
constructed in ]7| we see, that there are other components of TC. 

Another detailed study of the mathematical aspects of non-Kahler manifolds has ap- 
peared recently in 0. The manifolds considered there are of the form 

ds 2 = e 2<t > g CY + (dx + a) 2 + (dy + /3) 2 , (5.4) 

where <p is the warp factor and gey is a Calabi-Yau base. These class of examples are also 
related to our construction. The one-forms a and (3 are defined on the Calabi-Yau base. 
These one- forms can be identified with (1,1) anti-self-dual forms u p and u q via da = u> p 
and df3 = uj q , which give rise to the three- form 

H 3 = dx A u) p + dy A u q , (5-5) 

in the Type IIB theory, after we make two T-dualities along the two-cycles of the fiber 
torus T 2 . This three- form is basically the NS-NS three- form of the Type IIB theory and 
as such lies in the integer cohomology. 

The paper || gave examples of new manifolds, that are neither complex nor Kahler 
in the context of the Type IIA theory. These manifolds are termed half-flat, and were 
shown to have torsion lying in all the five torsion classes W^. They generically have 
an SU(3) structure and could be complex, if the torsion lies in W3 © W4 © W5. The 
vanishing of the Nijenhuis tensor amounts to having, in this language, vanishing Wi © W2 
classes. This classification of torsion classes is well known in the mathematics literature 
but in connection to string theory compactifications it has also been addressed in [0 . The 
previous Type IIA models are mirrors of the Type IIB theory compactified on Calabi-Yau 
three-folds with NS-NS fluxes turned on. However, in not all fields in the Type IIB 
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theory are given an expectation value. In fact, one has to turn on at least the RR three- 
form to completely embed this in string theory This has been done recently in ||28|| . The 
authors of gave explicit examples of mirror manifolds in the Type IIA theory and 



showed, that these manifolds have an almost complex structure, which may or may- not be 
integrable. When it is integrable, then the manifold is complex. The model discussed in 
||28|| is the Type IIB theory on T 6 /22, and therefore making less than six T-dualities we 
always remain in either Type IIA or Type IIB (depending on whether we make an odd or 
even number of T-dualities). Hence, we have mirror descriptions in either of these theories 
on generic compact non-Kahler manifolds with an almost complex structure J mn . For the 
models presented in H the fundamental two form J mn is not covariantly constant with 
respect to the affine connection but is covariantly constant with respect to the preferred 
connection measured by the contorsion tensor. In the language of ours the contorsion 
tensor is precisely and therefore the connection can be identified with the cD discussed 
in the present paper. 

Further discussions of Type IIB compactifications on six-dimensional manifolds with 
fluxes have been recently discussed in [|10| . 

5.2. Phenomenological Applications 

The models considered herein might be rather interesting for particle phenomenology, 
as many moduli fields appearing in these compactifications (including the radial modulus) 
can be stabilized and definite predictions for the coupling constants of the standard model 
can be made. Furthermore, our compactifications include a warp factor, which provides 
one of the few known mechanisms for solving the gauge hierarchy problem [11]]. Recently 



it has been speculated that the masses generated by the fluxes could be even at the 
phenomenological viable TeV scale [|38| . 



Another important property of our compactification manifolds is, that they have zero 
Euler characteristics and a vanishing first Chern class. One may wonder, if a vanishing 
Euler number implies a vanishing number of particle generations in the four-dimensional 



theory. It is well known |3£| , that the net number of generations minus anti-generations is 



determined in terms of the Euler number of the internal manifold as 

Ih 2 ' 1 -/i M | = (5.6) 

for compactifications on Calabi-Yau three-folds, where describe the corresponding 
Hodge numbers of the internal manifold. However, the above formula is not valid for 
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the models considered herein, as the spin connection has to be embedded into the gauge 
connection to arrive at the above result, even for the case of Kahler compactifications. This 
is not the case we are interested in. To determine the number of generations appearing 
in our models, we would need to analyze the zero modes of the Dirac equation for our 
backgrounds. We shall report this in a future publication |2(| . 



In this paper we have shown, that the radial modulus for compactifications of the 
heterotic string on non-Kahler manifolds receives a potential, which allowed us to estimate 
the actual value of the size of the internal manifold. A tantalizing possibility would be, that 
a cosmological constant is indeed induced, after the radial modulus has been stabilized. A 
priori, we see here the possibility, that a positive cosmological constant could be induced, 
giving us a realization of de Sitter space in string theory. This is a long standing puzzle, 
whose solution could certainly be along these lines. We leave the details of this fascinating 
possibility for future work [p0 |. It would be a great triumph of string theory, if the correct 



relation between the supersymmetry breaking scale and the cosmological constant could 



be predicted in this way [[40 



5.3. Future Directions 

• There are many interesting directions to pursue in the future. In the sigma-model 
section we discussed the fact, that for our case the simplest embedding of the gauge- 
connection into the torsional-spin connection is not allowed. Therefore, there might be the 
possibility, that the two-loop beta function is not vanishing. As discussed earlier and also 
in [|T| and @, these contributions are suppressed, if the size of the six-manifold is large. 
In fact, for our case we can have a large sized manifold, as the size parameter depends 
on the flux-density. Furthermore, the background found in || by using U-dualities from a 
given supergravity background in .M-theory, is a valid solution at least to the lowest order 
in a'. Therefore, (to extend the discussion to all orders in a') two things could happen 
here: 

(a) Apart from the size factor, there could be generic counter-terms, that could cancel 
the two loop contributions to the beta function. At least it has been discussed in some 
detail in the literature, that this contribution is cancelled, if we define the background 



three-form H as in (2.47), because there exist counter-terms and 0, that lead to a 
vanishing beta function. But this relies on the fact, that we are embedding the gauge 
connection into the torsional-spin connection u, which is not what we want to do in the 
present case. 
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(b) The beta function is exactly zero to all orders in a' only for a given size of the six 
manifold. This is what we might expect, because the radial modulus is fixed and therefore 
only, when the background has the right radial modulus and right complex structure 
modulus, the beta function for strings propagating on this background will be zero. This 
matter needs further investigation and more details will be presented elsewhere. 

• In this paper we studied SO (32) heterotic strings on compact non-Kahler manifolds 
or more appropriately D\ heterotic strings. It would be interesting to see, how to describe 
the Eg x Eg heterotic string in this framework. Observe, that the reason we have gotten 
the D\ heterotic theory is, because we started with an orientifold model in the Type IIB 
theory, that under two T-dualities and an S-duality reproduces the D\ theory 0. To get 
the E% x Eg heterotic string we need a similar framework, maybe in jF-theory, where there 
is a possibility of having exceptional symmetries E| . But the points, where we can have 



exceptional symmetries and orientifold representations are no longer perturbative j|2| . Let 
us elaborate this a little bit. More details will appear in ||20|| . 

The models studied in Q and || have an jF-theory interpretation defined in terms of 
elliptic curves 

y 2 = x 3 + xf(z)+g(z), (5.7) 

where z is the coordinate on the CP 1 base and /, g are polynomials of degree 8 and 12 
respectively JI3J. The modular parameter of the fiber is given in terms of j-function [53 



f 3 

where j oc ^ and A (not to be confused with warp- factor) is the discriminant. The T- 
theory representation, that concretely realizes the model of || , has the following choice of 
/, g and A 

f(z)~( z - Zl ) 2 , g(z)~(z-z x )\ A(z)~(z- Zl ) 6 , (5.8) 

near one "orientifold" point z — > z\. The fact that A is proportional to z 6 means, that all 
the orientifold planes have become dynamical realizing the D4 symmetry. Now, as shown 
in [|2], an E% symmetry is realized at z — > Zi, when f,g,A are 

f(z) = 0, g(z)~(z- Zl )\ A(z) ~ (z - Zl ) 10 . (5.9) 

A couple of immediate points to note here are, that K3 goes to its Z 6 orbifold point (with 
full symmetry of E% x Eq x D4) and the fact that we have g ~ z 5 will tell us, from Tate's 
algorithm, that the symmetry is E%. This immediately tells us, that the pure Eg x Eg 
symmetry is realized, when 

g(z) = (z- Zl f(z - z 2 f(z - z 3 )(z - z 4 ), (5.10) 
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with vanishing f(z) as before. This has a non-perturbative orientifold representation, as 
was shown in |^] . A more concrete way of realizing this construction was discussed in |44j] . 



Thus, this could be one possible way of getting the torsional background for the E$ x Eg 
heterotic theory. 

• The non-Kahler manifolds discussed in this paper all have a vanishing Euler char- 
acteristics. This is not a problem by itself, as we discussed above, that a vanishing Euler 
characteristics doesn't imply zero number of generations. It will be interesting to extend 
the above analysis to non-zero Euler characteristics. We would then have to start on 
the Type IIB side with a manifold with non-zero Euler characteristics in the absence of 
fluxes. Let us elaborate this a little bit. In the present paper we have seen, that in the 
absence of NS-NS and R-R fluxes in the Type IIB picture, making two T-dualities we end 
up in the Type I theory on K3 x T 2 . As discussed earlier, by switching on fluxes, the 
torus T 2 becomes nontrivially fibred over the base K3. However K3 x T 2 has zero Euler 
characteristics (because of the T 2 ) and therefore, the non-Kahler manifold of the heterotic 
compactification also has zero Euler characteristics. For the generalization of the present 
construction to non-zero Euler characteristics, we should start with a manifold, which looks 
like K3 x Z, where Z is a two-dimensional manifold with non-zero Euler characteristics 
on the Type IIB side. This is the minimal requirement. Of course, we can even get a 
generic six-dimensional manifold X, which should then have the following properties in 
the absence of fluxes: (a) compact and complex with non-zero Euler characteristics, (b) 
there exists a four-fold, which is a non-trivial T 2 fibration over X , and most importantly 
(c) should have an orientifold setup in the Type IIB framework. More details on this will 



be addressed in a future publication [20 



• In sub-section 2.5 we discussed the anomaly relation for the heterotic theory and 
showed, how the tr F A F term can appear in the heterotic Bianchi identity from the 
Type IIB side. The allowed gauge bundle is very restricted for the torsional background, 
because, as for the Kahler compactifications, we expect the gauge bundle to satisfy 

g ab F n_ = Q 5 pn = ^ p n_ = ^ ({m) 

which are the Donaldson-Uhlenbeck-Yau (DUY) equations for gauge fields. It would be 
interesting to see, how the DUY constraints can be derived from a D-term along the lines 
of |3!| and [B7| for the case of compactifications on Calabi-Yau three-folds . In it was 
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shown, how in the Type IIB theory this is realized from the primitivity condition of G- 
fluxes in .M-theory. Furthermore, because the three-form Ti is related to the metric by the 
torsional equations (4.38), there arises another restriction on the allowed gauge bundle 



Tr F A F = 30 



tr R A R - — ddJ 
a' 



(5.12) 



Since 7i is globally defined, the constraint (2.52) follows from this formula. The relation 
(5.12) is non-trivial, because none of the terms in the right hand side can be zero. Thus, 
the properties of the gauge bundle is another important aspect, that needs to be studied 
in a future |^ . 



• We discussed in some detail, how many of the moduli for the heterotic theory, 
including the radial modulus, can be fixed for this kind of compactification. In the earlier 
sections we argued, that the dilaton modulus does not get fixed in this process. One might 
argue, that since the superpotential in Type IIB theory has an axion-dilaton appearing 
explicitly in the formula, the heterotic superpotential, which follows from a set of U- 
dualities, should also have a dilaton dependence. This is not quite so, because after 
performing two T-dualities and an S-duality on the Type IIB superpotential one can show, 
using the T-duality rules of |[T|, that the dilaton factor does not appear in the formula 



for the heterotic superpotential. Therefore, it will be interesting to see, how explicitly the 
dilaton could appear in the heterotic superpotential. Fixing the dilaton will immediately 
guarantee, that we can have a constraint on the size of the six manifold in the Type 
IIB framework. This would imply, that a string theory model in de-Sitter space could 
be constructed, along the lines of the first paper of rail. Furthermore, as discussed in 



the other papers of |45|], the Type IIB models with fluxes and controlled moduli give the 
supergravity dual of cascading M = 1 gauge theories, which are confining in the IR. A 
better understanding of the moduli problem in the Type IIB setup can therefore be used, 
to understand the dynamics of Af = 1 gauge theories. 

• In the examples studied in section 4, we have considered the case, when the preferred 
spin connection is not embedded into the gauge connection and the relation between A 
and Cj is given by (2.49). This in particular implies, that we have 

dH = dH = 0(a'), (5.13) 
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We have been informed, that some stable de-Sitter solutions have recently been found in 



Type IIB theory with fluxes [46|. 



69 



and therefore in section 4.4 had a simple way to study the stabilization of the radial 
modulus. This is not always the case and, in fact, for a very generic embedding we 
can have a situation, where the only possible way to study the three-form is by iterative 
technique. However, it is clear by scaling arguments, that the radius is again fixed for this 
case (see sec 4.4(c)). It will therefore be interesting to see, what value of the radius we get 
in this generic situation. 
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